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DERIVATIVES

What is a Derivative?

The derivative of a function of a real variable measures the sensitivity to change of the function value

The derivative of a function of a single variable at a chosen input value, when it exists, is the slope of
the tangent line to the graph of the function at that point. The tangent line is the best linear
approximation of the function near that input value. For this reason, the derivative is often described
as the "instantaneous rate of change", the ratio of the instantaneous change in the dependent
variable to that of the independent variable.

The process of finding a derivative is called differentiation.

Let us define a function f(x) .

In[1]:= f[X_] o= (S'in[ﬂ' X])IX

n2i=  PLot[f[x], {X, 1.5, 2.5}]

0.4 -

Out[2]=

Derivative of the function f, is also the slope of the function f.

3= FUIX]

t Cos[rr x]  Sin[m x]

Out[3]=

X )(2




na=  PLlot[f'[x], {X, 1.5, 2.5}]

Out[4]=

We can calculate the derivative at any point.
At x=2

In[5]:= f '[2]
T

Out[5]= -

2

ner=  Plot[{f[x], f'[x]}, {x, @, 3}, PlotStyle - {Purple, Black}]

Out[6]=

Another way to calculate the derivatives.

7= DLF[x], X]

t Cos[rr x]  Sin[m x]
Out[7]= -
X x2




Higher Order Derivatives

= F[x_] = (Sin[m x])/ x

Second order derivative.

In[9]:= fr! [X]

2mwCos[rx] 2Sin[mx] 2 Sin[mx]
Out[9]= - + -
x2 x3 X

Third order derivative

o= UV [x]
6 mCos[mx] m3Cos[mx] 6Sin[mrx] 3m?Sin[mx]
Out[10]= - - +
x3 X x* x?

Another way of calculating third order derivative

nii= DLF[xT, {x, 3}

6 mCos[rx] m3Cos[mrx] 6Sin[mrx] 3m2Sin[mx]

out[11]= - - +
x3 X x* x?2

nzi=  ClearAl1l[f]

DIFFERENCIATION OF THE PRODUCT OF FUNCTIONS

The derivative of the product of two functions is the derivative of the first one
multiplied by the second one plus the first one multiplied by the derivative of
the second one.

Second derivative product rule
ner=  DLF[X]* g[x], {x, 2}]
outel= 2 F'[x] g'[x]+ g[x] f'[x]+ f[x] g"[x]

Third derivative product rule

mier= DIF[X] = gIx], {x, 3}]
oursl= 3 g'[x] Fx]+ 3 FIx] g"[x] + gix] FOx1+ fix] gix]



MAXIMA AND MINIMA

m A function can only attain its maximum and minimum value at its critical value, where the graph has
horizontal tangents,or where no tangent line exists.

m For a diiferentiable function there is no unique tangent line at each pointin the domain, so the
critical points are all of the first type.

nazi=  f[x_] ¢= xA3 - 9x +5

nar= FU[X]

outiial= -9+ 3 x2
w51~ Reduce[f '[x] == 0, x]
out[15]= X == — »\/E | X == ,\/g

ner=  Solve[f '[x] == 0, Xx]

oo {{x>-43}, x> V3))

n17:=  extrema = {x, f[x]}/. %

out[17]= {{—'\/5,5+6'\/§},{'\/§,5—6'\/§}}
nisr=  Plot[f[x], {x, -4, 4}, Epilog -» {PointSize[0.02], Red, Point[extremal]}]
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Out[18]=
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By using the second derivative we can check the extreme points are
minimum/maximum points.

o= ! '[—1/3] <0

Oout[19]= True

o= ! '[\/ 3] >0

out201=  True



So the function f has a maximum at x= -1/3 and a minimum at x= 1/3.

Using MAXIMIZE and MINIMIZE

Maximize and Minimize return absolute maximas and minimas not local
maximas and mimnimas.

In[23]:=

Out[23]=

In[24]:=

Out[24]=

In[25]:=

Out[25]=

f[x_] := x*3 -9x +5

Maximize [f[x], x]

Maximize : The maximum is not attained at any point satisfying the given constraints .

{oo; {X > o}}

Since this returns an indeterminate value we restrain the domain rather than
calculating on the full domain.

Maximize [{f[x], -4 < x < 0}, X]

(54643, {x- V3]

The above outputis a list of two.
The first gives the maximum value of the function , while the other indicates the
pointin the domain where the maximum occurs.

Minimize [{f[x], -4 < x £ 0}, x]
{-23, {x » -4}}

INFLECTION POINTS

In[26]:=

In[27]:=

Out[27]=

In[28]:=

Out[28]=

gx_] := (Sin[r x])/ x
FindRoot[g''[x] == 0, {x, 2}]

{x » 1.89088}

infpt = {x, g[xl}/. %
{1.89088, -0.177769}



nizot=  Plot[g[x], {x, 1, 3}, Epilog » {PointSize[0.02], Red, Point[infptl}]

0.4 -

0.2

15

Out[29]= L
-0.2 |

-0.6

This plot confirms that f has an inflection point at approximately x=1.89088.

nizor-  Plot[{gIx], g'[X1}, {X, 0, 3}, Filling -» {2 » Axis}]

Out[30]=

nen-  Plot[{gIx], g'"[XI}, {X, 0, 3}, Filling » {2 » Axis}]

L \L““x“‘Jm\

out{31]= 0.5 1.0 2.0 2.5 3.0

-10

The zeroes of g'' correspond to the inflection points of g.



