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Novel compact schemes based on half-step discretization are developed to solve two di-
mensional fourth order quasi-linear parabolic equations. These discretizations use a sin-
gle computational cell and the boundary conditions are incorporated in a natural way
without the use of any fictitious points or discretization. The schemes have second or-
der accuracy in time and fourth order accuracy in space. The proposed methods are di-
rectly applicable to problems constituting singular terms. We also present operator split-
ting method for the solution of linear parabolic equations which allows the use of the
one-dimensional tri-diagonal solver multiple times. It is shown that the operator splitting
method is unconditionally stable. The numerical schemes have been successfully applied to
the two-dimensional Extended Fisher-Kolmogorov equation, Sivashinsky equation, Boussi-
nesq equation and vibrations problem. The illustrative results confirm the theoretical order
of magnitude and accuracy of the proposed methods.
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1. Introduction

Fourth-order parabolic equations arise in a wide class of problems in mathematical physics and engineering such as in
vibration of beams and thin plates [27], representing viscoelastic inelastic flows [29], traveling waves in reaction diffusion
systems [9], in modeling alloy solidification problem [24] etc. In the past few years, there has been a growing interest in
the study of these equations due to their occurrence in a wide variety of application fields, therefore, developing accurate
numerical techniques so as to achieve approximate solutions are of great interest.

The purpose of the present paper is to formulate compact high order numerical scheme for the general fourth order
nonlinear parabolic partial differential equation (PDE) of the form:

¢

A(Xﬂyvt)v4¢+% =f(x7yy t’d)?(vad)}” V2¢!V2¢X7V2¢y)v (X’y7 t) € Q X (OvT]r (1)
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subject to the initial condition

¢ (x.y.0) = do(x.y). (x.y) €L, (2)

and the boundary conditions
6 =m0, 2L by, (xy.0) €02 x O.T] 3)

where @ = {(x,y) : 0 <x,y <1} cR%, V2¢(x,y,t) = de + 3 il ¢ represents the two space dimensional Laplacian of the func-

tion ¢(x, y, t), n is the outer normal direction to the boundary 0K and T is the total time. It is assumed that ¢(x, y, t) e C?
and the coefficient A C* where C™ is the set of all functions whose partial derivatives up to order m are continuous in
the region 2 x (0, T] in order to maintain the order of accuracy of the difference scheme under consideration. Further, the
function f should be at least four times continuously differentiable with respect to all the arguments. The initial data ¢
should be continuous in the region 2. Equations of this form are fundamental components of various applied mathematical
models as discussed below. The fourth order reaction diffusion equation of the form:

yVie+ 9 Vg7 =0, (xyDeQx0.T] ()

where y is a positive constant is a particular model of the type (1)-(3). Eq. (4) with y = 0 is the standard reaction diffusion
equation that is also known as the Fisher-Kolmogorov equation [2]. However, by adding a stabilizing fourth order derivative
term to the Fisher-Kolmogorov equation, Dee and Van Saarlos [9] proposed the model expressed by Eq. (4) and termed it
as the Extended Fisher-Kolmogorov (EFK) equation. The existence, uniqueness, regularity and other theoretical results for
Eq. (4) have been discussed in [7].

In the solidification of dilute binary alloy, a planar solid-liquid interface is commonly observed to be unstable, impulsively
assuming a cellular configuration. This state facilitates an asymptotic nonlinear equation to originate which explains the
dynamics of the onset and stabilization of cellular configuration given by:

1
Vip+ 0 (142 26) +@d =0 wyDeQx O] (5)
where o > 0 is a constant (see [24]). The nonlinear Eq. (5) is termed as the Sivashinsky equation which is of fourth order in

space.
The following is the other class of two-dimensional fourth order parabolic equation studied in the paper :

Bty OV + 20 — gy, .9.90. b by, V2. V2. Vo). (x3.1) € 2 x (0.7T], (6)
subject to the initial COl‘ldlthl’l (2) and
9 ky 0 =di(xy. @y ™)

where it is assumed that ¢(x, y, t)e (%, BeC* and the function g is of sufficient smoothness and its required higher order
derivatives exist in the solution region 2 x (0, T]. The boundary conditions of second kind given by (3) are considered. The
problem arising in the classical theory of vibrating plates of finding the transverse vibrations of a uniform thin square plate
with each side of length L hinged at its boundary are directed by the following fourth order PDE [5,27]:

4 9’

UV¢+MW=Q O<x,y<L, t>0 (8)
where ¢(x, y, t) is the vertical deflection at location (x, y) at time t, o >0 is the flexural rigidity and >0 is the mass
density per unit area.

The two dimensional Boussinesq equation (BE) has the form

88;5 V3¢ +aV2ip? — BVAp, (x,y)eQ, t>0 (9)
where ¢(x, y, t) is the surface elevation, 8 > 0 is the dispersion coefficient and « is an amplitude parameter which can be set
equal to unity without losing generality. The BE was the first model for the propagation of gravity waves on the surface of
water [29] and has various applications, for instance, ion-acoustic wave in plasma, magnetohydrodynamics wave in plasma,
longitudinal dispersive wave in elastic rods and pressure wave in liquid-gas bubble mixtures etc. The equation belongs to
the KdV family of equations and was first introduced by Boussinesq [3] in 1872.
Another class of two-dimensional fourth order parabolic PDE considered in this study is of the form:

) ) 9%¢
24

V-V —2v — =dXx,y,t), xy,t)eQ2x(0,T 10
¢ (8x28t+8y23t>+3t2 *y.0. xy.0)eQx0T] (10)

where v > 0 represents diffusivity. The initial conditions given by (2), (7) and the boundary conditions (3) are considered.
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Numerical computation of transverse vibrations of a uniform plate using finite differences have been carried out by a
number of authors since 1957. Conte [5] formulated stable difference approximations to a fourth order parabolic equation
arising in the study of transverse vibrations of a uniform plate. Twizell and Khaliq [28] developed a finite difference method
for the numerical solution of fourth order parabolic PDEs in two space variables using multiderivative method for sec-
ond order ordinary differential equations. An explicit second order three-layer approximation for the vibrations of a plate
with a weak limitation on the stability has been presented in [26]. The operator splitting method is a powerful numerical
technique for solving two-dimensional problem wherein the problem is solved in two sweeps while solving the equation
implicitly in one dimension in each sweep which leads to substantial decrease in computational effort. Alternating direction
implicit (ADI) methods for problems involving the biharmonic operator date back to the work of Conte and Dames [6] and
Fairweather and Gourlay [12]. Fairweather [14] formulated second order alternating direction Galerkin methods for approx-
imately solving a linear fourth order PDE governing the transverse vibrations of a thin plate of variable density. Andrade
and McKee [1] derived high accuracy splitting formulas for fourth order parabolic equations in one, two and three space di-
mensions. Witelski and Bowen [30] constructed ADI schemes for the solution of fourth order linear and nonlinear parabolic
equations in two dimensions. Recently, Guo and Lii [15] presented parallel difference schemes for two-dimensional fourth
order diffusion equation. Danumjaya and Pani [8] proposed fully discrete schemes and derived optimal error estimates for
the EFK equation. Khiari and Omrani [18] proposed a Crank-Nicolson type second order convergent finite difference scheme
for the two-dimensional EFK equation. Dongdong [10] developed a second order three-level linearly implicit finite differ-
ence method for the EFK equation in two-space dimensions. A second order linearized finite difference discretization for
the solution of the nonlinear evolutionary Sivashinsky equation was analyzed in [24]. Moeiz and Omrani [25] investigated a
linearized three-level difference scheme for the Sivashinsky equation. Related to fourth order equations, Mohanty and Kaur
[20-22] proposed three-level and two-level compact implicit variable mesh numerical methods of order two in time and
three in space for the solution of one dimensional parabolic PDEs.

Many complexities come up when computing fourth order parabolic equations. Boundary conditions are often not easy
to implement and time stepping is perhaps the fundamental issue for time-dependent fourth order problems. Explicit meth-
ods for fourth order diffusions have a time step constraint requiring the time step to be of order h*, where h is the grid cell
width due to stability requirements whereas the time steps are only restricted to be order h? for second order diffusions.
Due to the time step restriction, the explicit schemes are prohibitive in any meaningful simulation of fourth order parabolic
equations and thus implicit schemes are employed. The classical finite difference methods to these equations have second
order accuracy in spatial discretization. The accuracy in such a case depends upon the boundary approximation used. A
major shortcoming of the classical approach for higher dimensional problems is the widening of the computational stencil
as the order of the approximation is increased resulting in increased arithmetic operations. The standard thirteen point ap-
proximation of the biharmonic operator leads to the inclusion of fictitious points. Of late, higher order compact difference
methods which need less information from neighboring grid points are acquiring popularity owing to their easy imple-
mentation and high accuracy in considerably lesser number of nodes. In each spatial dimension, we want a minimum of
three grid points for discretizing the highest order derivative terms coming in the problem, hence nine-point discretization
scheme is the most appropriate. In this direction, Mohanty et al. [19] proposed compact fourth order method for solving
the two-dimensional nonlinear biharmonic equations with third order derivative terms subject to Dirichlet and Neumann
boundary conditions. The existing fourth order accurate in space two-level and three-level implicit difference formulas of
[23] for the numerical solution of two-space dimensional fourth order parabolic problems of second kind use nine spatial
grid points but these methods fail at singular points for problems in polar coordinates, so a special treatment was required
to solve singular problems leading to tedious calculations. In this paper, using the same number of grid points, numerical
schemes based on half-step discretization are developed to solve fourth order evolution equations in two-space dimensions.
This new approach involves half-step points just as in case of the discretization developed by Chawla and Shivakumar [4] for
a two-point boundary-value problem and hence is referred to as half-step discretization.

In this paper, we construct high order compact schemes for parabolic PDEs in two dimensions that are given in terms
of fourth order spatial operators and are first or second order with respect to time which are directly applicable to singular
problems. In Section 2, we present and derive the two-level implicit scheme for fourth order nonlinear time dependent
problems (1)-(3). A three-level implicit finite difference algorithm for solving another class of fourth order parabolic PDE in
two dimensions is proposed in Section 3 involving nine spatial grid points of a single compact cell. In Section 4, stability
of the proposed two-level method for a linear problem is discussed. Further, in this section, the two-step operator splitting
method is developed for a fourth order linear parabolic equation with mixed terms of time derivatives of the Laplacian and
using von Neumann stability analysis it is proved to be unconditionally stable. Finally, in Section 5, we employ some numer-
ical examples on problems of physical significance to corroborate the accuracy of the proposed methods. Some concluding
remarks are given in Section 6.

2. Two level implicit compact scheme
2.1. Formulation and derivation

In this section, we derive a new difference formula which is fourth order accurate in space to the general fourth order
PDE (1).
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Divide the domain of definition 2 x (0, T] by parallel lines with the space mesh step Ax=Ay=h>0 and k>0 is
the time mesh step. Each grid point is denoted by (x;, ym, t;) where x; =lh, yy =mh, I m=0,1,...,N+1, t; = jk, j=

0,1,...,J with (N+1)h=1 and Jk=T. The neighboring off-step points are given by (x 1,¥m,t;), (x,,¥,,1,t;) where
2 2

Xig12 =X * % Yma12 =Ym £ % I,m=1,...,N. The mesh ratio parameter is given by A = k/h2. Let the exact solution val-
ues of ¢ and ¥ at the grid point (x;, ym, t;) be denoted by ®{m and \Ill]m respectively while q’)l]:m and 1/f11:m denote their
approximate values.

Note that for ¢(x, y, t), the initial and boundary conditions are given by (2) and (3). Since the grid lines are parallel to
the coordinate axes and the value of ¢ is exactly known at the boundary, this implies that the successive tangential partial
derivatives are also known there. For instance, at the plane x = 0, the values of ¢ and ¢xx are known, hence the values of
&y, dyy, etc. are also known which is sufficient to determine V2¢ at x = 0.

We reduce the original problems (1)-(3) into an equivalent problem of second order equations by introducing ¥ = V2¢
to obtain

02 02
a—x(f Tyf =YK yt), Ky e (11.1)
02 02 ad
A, y, t)(a—;f + a—yf) + a—‘f — FLY.E b b by W U Wy). (13.E) € 2 x (0,T]. (11.2)
subject to the initial condition (2) and Dirichlet boundary conditions
¢:h1(x’y’t)9 ¢:h3(X’y’t)7 (X,y,t)eaﬂx (O’T] (12)

Systems (11.1) and (11.2) represent a splitting of (1) into two coupled equations.

Let t; =t; + 0k, 6 (0, 1) is a parameter to be determined. We then apply the 0-weighted scheme to the solution vari-
ables ¢ and . In order to achieve high accuracy method, the following approximations to the solution variables and their
partial derivatives are needed. For S = ®, W and for p,q =0, &1, we let:

S’+P-m+q = esﬁpm-#q +(1- 0)5{+p,m+q’ (13.1)
S S S\ /o 132
I+lm = ( I£1,m +Sl.m)/ , (13.2)
S S S
Lmty = ( Lms1 T I.m)/z’ (13.3)
—j i1 .
5f1+p.m+q = (S{+p.m+q - S{+p,m+q)/k’ (13.4)
Stli%.m = (slj::rl,m + SI]Jrrn - S{il,m - Slj,m)/Zk’ (13.5)
Sty = Simsr +Sim = Stmar = Sim) /2K (13.6)
o <l <
Svn = (Ste1m = Si-1m) /2h, (13.7)
S =%(Sliim—Sim)/h (13.8)
il m - [+1,m — l.m)/ ’ .
o =i =i =i <
Sxmi% = (Sttmet = Setmet + Sterm — Si_1.m) /4h, (13.9)
S = (Sl s — i) /2N 13.10)
Vim — ( Lm+1 — I,m—l)/ ’ ( .
o < =i =i <
Sy,i%.m = (Slil,erl = Stetm-1 +Sim1 — Sl,mfl)/‘lh, (13.11)
< J <l
Syiey = £(Simer = Sim) /h, (13.12)

- - J L
Sxx,.mq = (Sl+1,m+q - 251],m+q + Sl—l,m+q) /hz’ (13.13)
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R <l R R 2

Sypr.m = (Sl+p,m+l =281 pm+ Sl+p.m—1)/h . (13.14)
The functional approximations associated with off-step nodal points are defined as:

= = = = w5

Fl:t%,m = f<x’i%’ym’ tj’ q)’i%’m’ q)xu%_m’ ¢yli%,m, \yli%'m’ lyxli%,my ll’yli%,m>’ (141)

= < A~ B~ R = B B

Fl’mi% = f<xl’ymi% ’ tj’ q>l,m:t%7 CI)xl.mi% ’ ¢yl.mi% ’ \Ijl‘mi%’ \pxl.mi% ’ \ijl.mi% ) (142)

In addition, the following combinations are needed:

3, =0, 1 (al @, +a,0, ) (15.1)

—j

lII = \DI m T h? (b1 Xxm T b2 yy, ) (15.2)

= =i PG Tl =i =i

q)Xz.m = q)xl,m + h as (ﬁlﬂ,m - \IJ’*U“) +a4 ((DWI+1.m - (DJ'J’H.m) ’ (15'3)

3 -3 tnla(@ - 3 L 15.4
Yim = 7 Vim + _(15( Lm+1 l,m—1) +a6( XXimi1 XXmel) ’ (15.4)

—j s - . s _ .
qj?ﬂ_m = qj)]ﬂ_m +h b3 (F’]‘*%vm - F] ) + b4( tyim q)im, ) + b5( Yirim lpf’)’m.m)] + h (bG XX1,m + b7 )’)’1 )

(15.5)

Wj’l.m = @jl.m + h -bS (F{gm+% - F{’m*%) + b9 (E{I,mﬂ - 6il.m—l) + b10 (wl m+1 - XXI m— 1)] + h2 (bll ;l(xl + blz\ljyyl m)

(15.6)
where a;, 1 <i<6 and b;, 1 <i<12 are parameters to be suitably determined.
Finally, we let
=j = = = = =i =i
Fo :f<x,,ym,rj, Oy By, Dy, qj,m,qjx,.m,xpy,_m)‘ (16)
The PDEs (11.1) and (11.2) at the grid point (x;, ym, t;), L m=1,...,N, j=0,1,... are discretized as:
— 1 —j h =jm
L[¢] = [53 +8§ + éégaj]cblm = 12[\I"I+1 m T "III 1,m + lI’l m+1 T \I’I m-1 +8q”lm] + Tlm’ (17'1)
L) = [1 (82 + 82) + L8282,
__PRe ir® ir® RD 48T
- 12[ 1 fy1m + 2 f-1.m + 3 fim+1 + 4 - + f, ]
h*r =i =i =i =i =i®
+ g [iFiym tRF g m + BF ey +JaF iy FI m |+ Tim (17.2)

where 8;®; ,, = dDH%.m - (DI—%,m’ Sy Py = ¢,_m+% - ¢1’m7% are central difference operators with respect to x- and y- di-

. . R =i =j@®
rections, respectively; the local truncation errors T;,, = O(k?h? + kh* + h®), T;,, = O(k?h? + kh* + h®) and
h? —; = h? 2 1
+ ﬁ(AXXI.m +AW1.m) B (KXI m +AJ/I m) L= EAI-’“’

I,m

hA hA hA’ hA’
R]:(]—jxl'm>,R2=<]+ijm,R3= 1—%,1?4: 1+% s
Al,m Al,m Al,m Al,m
hA! hA! hA! hA!
]1=<1—);'m>*12:(1+?'m>’]3:(1_ 7?'"' cJa= 1+$ ,
v 24 241 241

—A(Xl ymst ) Axlm = Ax(x, ym,t )s Axx, m —Axx(xlaym,fj)em-

el
I] == Al,m
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The formulas (17.1) and (17.2) are free from the terms 1/x;,; and 1/y, .1, hence solvable for I m=1,...,N for 0<x,
¥y <1,t>0. The proposed method is directly applicable to singular problems since it involves terms like 1/x;_;,, instead of
1/x,_; without requiring any fictitious points or particular treatment at the point of singularity. Eventually, computational
complexity has been reduced. The use of half-step nodal points enables the direct application of the schemes (17.1) and
(17.2) to singular problems.

For the derivation of the method, we follow the technique of Chawla and Shivakumar [4]. At the grid point (x;, ym, t;),
we denote

gurbrew ' A B, ®,V¥;ab 0,1,2 18
Ware =\ 55 5a< , W=AB ® ¥;abc=01,2,..., 1
abc 3Xa3yb3tf o a 4 ( )
) Af\i ) af Af \; ) f \: . Af \;
Cll],m = (7){,111’ 'Bljm = (8\1})1 m’ ylm - ((‘)cpx)l],m’ H’{.m = (3\1;)(){111’ 1)I],m = (aq;y)im’
) af Af\
wl],m = <a\p )lm’ glm = (%)l]m (182)
Using Taylor series expansion and differentiating equations (11.1) and (11.2) twice with respect to x and y, we get
L[CD] [q/l]+lm+qjl 1m+\pl m+1 +lplm 1 +8\I’l{m]+o(h6)’ (19-1)
h2 ) ) )
U¥]=-5[Ri®],, +R®, +R®]  +RD 48P ]
+ —[11 Ly PR B )~ Fl ]+ OCH®), (19.2)

where L[®], L[¥] may be obtained from L[®], L[¥], respectively, by replacing t; by t;, ® by ® and W by W.
With the help of approximations (13.1)-(13.14), simplifying (14.1) and (14.2), we obtain

—i h2

Floym=Fly ,+OKT + 25T + O(kh+ ), (20.1)
2 j h? 3

Flmsy =F ., +0KT + ;T £ O(kh + %), (20.2)

where
cI9001061 m T ‘1’00113, m T P01 )/, m T lIJm]le mT d’onv mT ‘1’0110), m T f, m
T, = 3da000t] , + 3W2008/ ,, + <D300Vl,m + ‘1‘30011«,1,11 + (3Pa10 + 4¢030)V,,m + (3Wa0 + 4W030)w{m,
= 3‘~'I>0200«4,j_m + 3‘~11020,3,];,11 + CI30301),{,,] + \D030w{m + (3P0 + 4¢300)V,{m + (BWi0 + 4‘1—’300)M{,m~
Using the approximations (13.1)-(13.14) and (20.1) and (20.2), we obtain

=j . h?
D)y =D, + OkDopr + €T4 + 0k + kh? + h*), (21.1)
—ij . h?
)=+ 0kWoor + 5+ O(k? + kh? + h*), (21.2)

=J : 2
) .= q)il.m + ekfb]m + hf

X 5 Ts + O(k? + kh? + h%), (21.3)

—j . h2
() = q).{/l.m + 9’(@011 + =

Vi 5 T, + O(k? + kh? + h%), (21.4)

—j h2
W, =W +0kWig + & T+ 00 + kh? + ), (21.5)

—J . 2
T, = W), + Ok + Ty 002 + ki + ), (216)
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for
Ty = 6(a; P00 + a2 Po20),
Ts = 6(b1Wa00 + b2Wo20).
Ts = (1 + 12a3) @300 + 12(a3 + a4) P1a0,
T7; = (14 12a5) Po30 + 12(as + as) D210,
Tg = (1 + 6b3E{,m)q’300 + 6(b32{m + 2b5)\p]20 + G(bﬂil.m + bG)\IJZOO + 6(b3ﬁilvm + b7)\y020 + 6(bs + 2bg) Y101,
Ty = (1 + 6b3ﬁ{,m)‘11030 + G(bgﬁfm + 2b10) Wsi0 + G(bszj,lvm + b]])‘pozo + 6(bgﬁ§1_m + b]z)‘yzoo + 6(bg + 2bg)Wo11.

Invoking Taylor series expansion and using (21.1)-(21.6) in (16), we obtain the estimation in its expanded form:

— , 2
Fim = Fly + OKT; + ' T 002 4 ki + 1), (22)

where
Tio = T4a[m + T5ﬂl].m + Ts)/l{m + T7vl],m + Ts,bL{’m + Tga)l]‘m,
Jo— J J J J J J
P}.m = f(x,,ym, tjs ¢l,m’ ¢X1.m’ ¢J’1,m’ 1ﬁl,m’ ,lﬁxl‘m’ I//)/l.m)'

Further using the approximations (13.1)-(13.14) and E{’m = Aljm + GkA{lm +0(k?), etc. we may write

L[E] =L[D]+ Qkhz(q)zm + Doz1) + O(kh4 + kzhz), (23.1)

LIW] = L[W] + Okh?Ago1 (D200 + Po2o) + Okh*Agoo (Wa01 + Woa1) + O(kh?* + k*h?). (23.2)
Differentiating (11.1) w.r.t ‘t" at the grid point (x;, ym, t;) and with the help of relations (19.1) and (23.1), the local truncation

i
error associated with (17.1) is obtained as T{_m = O(k2h? + kh* + h). Using the relations (19.2), (23.2) and the approxima-
tions (20.1) and (20.2), (22) in the right-hand side of (17.2), the local truncation error associated with (17.2) is obtained
as
—_j@

4
T/ — kh? (9 _ %)cbooz + ;LG(T2 + Ty — 2Ty) + O(KZh2 + kh + hF) (24)

The proposed difference method (17.2) is of O(k? + kh? + h*) if the coefficients of kh? and h* in (24) are zero, hence we
obtain 6 = 1/2 and

T, + T3 = 2Ty,
which gives
a—a—1 a—a—1 a3=0a5=0
1=0=7, 03=0s=g, G4=05=0,
= =
1 1 1 A A
b1=b2=z, by = bg = -5 b4=b9=—,7js bs =bip=0, bg=b;=— j'j'" b]]:b12:_i7’];”'
4Al,m 8Al,m 4Al,m 4Al,m

Hence for the above set of parameters, T,]_(nz: = O(k®h? + kh* + h®) and thus the difference schemes (17.1) and (17.2) are of
O(k? + kh? + h*%).

Schemes (17.1) and (17.2) lead to the block tri-diagonal matrix structure and thus conveniently solved using standard
algorithms, block Gauss-Seidel iterative method for linear discrete equations while the nonlinear difference equations are
treated by Newton’s non-linear block iteration method [16]. The difference formulas are fourth order accurate for the fixed
value of the mesh ratio parameter A = k/h2.

Let us now consider the two-space dimensional quasi-linear initial boundary value problems (1)-(3) wherein the coeffi-
cient A=A(x, y, t, ¢, V2¢). In this case, we use the following central difference approximations in (17.1) and (17.2):

By = Al —ALyy) [ 20) +002), (25.1)
A= (Al s — A1)/ 20) +0(02), (25.2)

A = Blirm — 281 + A1 ) /12 +O(R), (25.3)
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Ay = Alis = 281 + Al ) [12 + O(R2), (25.4)

where for ¢ =0, +£1, we have
7 o~
Al+c,m = A(XHC’ym’ tj, q>l+c,m* \Ijl+c,m)?

7 s =

Al,m+c = A(Xl’merC’ tj, CDI.ercv wl,m+c)~
Using the above central differences in (17.1)and(17.2), the order of the difference scheme is retained and thus we obtain
O(k? + kh? + h*) difference method for the two-dimensional fourth order quasi-linear problem.

2.2. Stability consideration

We consider the two space dimensional fourth order linear parabolic PDE of the form

V4¢+%—‘f:f(x,y,t), O<x,y<1, t>0 (26)

The two-level difference formulas (17.1) and (17.2) when applied to the differential equation (26) can be given the matrix
notation as
Put = (—P+ Q) +, (27)

where

P, —thz} [ (] o}
P= , Q= , u
|:P2 P 2NZ x2N? 2P, 0 2NZ x2N?

P; and P, are N? x N2 tri-block diagonal matrices given by
P, =[C,D,C], P, =[E.F E],

Il
1
<SS
| E—|
=
Il
| —
= =
N -
| E—|

for
C=2[1,4,1], D=2[4,-20,4], E=[0,1,0], F=[1,8,1]

where we denote

b ¢ o ... 07
a b c
[a,b,C]: 0 '._ '.. '.. 0
: a b ¢
10 .- 0 a b

to be the N x N tri-diagonal matrix having eigenvalues b + 2./accos(2¢), 2¢ = (s)/(N+ 1), s=1(1)N; ¢, ¥ are solution
vectors and rq, 1 are column vectors of order N2 consisting of homogenous functions, initial and boundary values of the
block system (27).

The eigenvalues of P; and P, are given by —48(sin® ¢, + sin® ¢, ) + 32 sin® ¢; sin® ¢, and 12 — 4(sin? ¢ + sin® ¢,), re-
spectively, where ¢y = (mr)/(N+1), r=1,2,...,Nand ¢, = (ws)/(N+1), s=1,2,...,N.

For stability of differential equation (26), we consider the homogenous part of the difference scheme (27), which may be
written as

wtl = (-I1+P1Q)w. (28)

We denote &/ = w/ — U/ as the error vector at the jth iterate (in the absence of round-off errors), where

J
- P
J—
o=3],

@ and ¥ being exact solution vectors. We may write the error equation as:
et = Hel,

where the amplification matrix H is given by H = —I + P~1Q.
The eigenvalues ¢ of matrix P satisfies the characteristic equation

det —48(sin® ¢y + sin® ¢h) + 32 sin” ¢y sin ¢, — ¢ —h2(12 — 4(sin® ¢y + sin® ¢))
12 — 4(sin® ¢ + sin® ¢,) —24)(sin’ ¢y + sin® ¢,) + 16 sin” ¢ sin” ¢, — ¢

Further, 0 is the only eigenvalue of Q. Let p be the eigenvalue of P-1Q, where ¢ and 0 are the eigenvalues of P and Q,
respectively. Then —1 + p is the eigenvalue of H. Hence the scheme is stable as long as 0 < p <2.

} -0, (29)
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3. Three level implicit compact scheme

In this section, we present high order compact difference formula to solve fourth order parabolic PDE (6).
By introducing ¥ = V2¢, Eq. (6) may be rewritten as two simultaneous PDEs of the form

92 92

a—xf+ ay‘f Yxyt), (xy) e, (30.1)
2

B(X y’ t)(l + %) + W _g(X7y7 t? ¢7 ¢t7 ¢X’ d)Y’ 1//’ wxv '(//y)v (X’y1 t) € Q X (Olev (30'2)

subject to the initial conditions (2) and (7). Using the given boundary conditions (3) and successive tangential partial deriva-
tive values, ¢ and v are known on all sides of the solution domain €2 x (0, T].
We consider the following approximations: for r,s = 0, +£1, we denote

@ =T+ -20)0), 4T 0<T <1, (31.1)
B s = (O s = Pl /2K (31.2)
6{,%m (O], + o -l @) /4K (31.3)
B, = (@i + oy~ oL, — o],) 2k G14)
O, = (O =20+ @l R (315)
O = (P s = Pl /20 (316)
@&%_m =+(®),,, ~®,.)/h (31.7)
67{,.,”1% = (6{+1,mil (D{ tme1 T q)l+1 m_ 6{—1,:11)/4’7’ (31.8)
&), = (B — P /20 (319)
@,,mi% =+(®] ., — @ )/h (31.10)
6Jj;,i%,m = (6{il,m+1 - 6{:&1,m 1T <Dl m+l lm 1)/4h (31.11)
(/ISJ;X:.,M = (q){ﬂ m+s ZCD{ mas T I 1 m+s) /h2 (3112)
CT)Jj;ym.m (Cb{w m+1 2q>{+rm l+rm 1)/h2 (3113)

Analogous approximations are defined for W, W, W, at the central point (X, ym, t;) and the neighboring half-step points
(*,.1,Ym.tj) and (x;,y, . 1.t;). Using the above approximations, we define
2 2

g - R R
Gli%_m_g(x,i%,ym,g,@, PR UL R T I )

m l£5.m yli%,m li%.m Ii%,m yli%.m
k2

= G{i ntgst gjsz +0(k*h + h?), (32.1)

el _ o) o) D) w/ 7 w/
Gl,mi% _‘g(xl’y'"i1 s q)lmi“q)ﬂ_m%’(D"z;mi%’q:'yl.mt;’\Ijz,mi%’%l.mi;’%z.mig

; 2 R
=Gl + Lo+ 5353 £ 0(h+ %), (32.2)

6
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og J og J og J og J og J
S1 =67 Pop2 () + Yooz < + D12 + Wip2 + Por12
|: I I,m v I.m 9Py IL.m Wy I.m 8d>y I,m
be \! ; .

v/ im t)

) ag\’ 3z \’ ag \/ ag \' ag \'

S = |:3¢‘200<8¢‘)lm+3‘l’200<8\y ’m+3¢201 70, lm+‘1>300 9, lm+‘1-’300 o, )
og J og J
+(3P310 + 4Do30) Pron + (3Wa10 + 4Wo30) PN ,
Y/ Im Y/ Lm

3 og J og J g ] 0g ! g !

S3 = |:3<I>020<8q>>lm + 3Wnyo <8\If . + 3¢y ﬁ + Po30 70, - + Wo3p 70, -

g\’ 9
+(3‘b120+4¢300)<8§> +(3‘p120+4\y300)<8\§> :|

In order to achieve high order accuracy, we require following additional approximations:

<1>z m =@+ (p1®h,, + PPy, ). (33.1)
:j = j
=V + R (W, + 2P, (33.2)
2] P —~ P P P
b, =@, +ps(P,, 28] + ] )+ pa(®], 28]+ ). (33.3)
2] ~ ~ ~ ~
(I)Xl.m = q))lﬂ,m + h[p5 (\I/I]Jrl.m - lI/l 1, m) + pG(CDJJUM m qD}J’J’H_m)]’ (33.4)
2] —~ ~ .
(b)’l.m = q)i’l + h[p7( I, m+1 llIl m— 1) + ps( XXims1 (D’](xl.m—])]’ (33-5)
\IJXI m \IJ){‘ + h[ ( l+ .m Gif%,m) + q4(cbgtm m cbgtl m ) +4s ("pyym m \IJJ{}’H.m)] + hz (qG\Ij){XLm + q7qjy}’1m)
(33.6)
2] o~ —~
\I’J'I m LIJ m T h[QS( I,m+3 G{,mf%) + QQ( tmp CD{tl,m—l) + q10( XX1,m+1 lI”{"lm 1)] +h? (q“ \lexlm + a2 YYzm)
(33.7)
where p;, i=1,..., 8andgj, j=1,..., 12 are the parameters to be suitably determined. By using the approximations (31.1)-
(31.13) and (32.1) and (32.2), from (33.1) to (33.7), we obtain
aj : h?
Dy =D, + T P00z + goat O(k*h? + h*), (34.1)
zi j 2 h? 212 |, 14
U=V +1k \D002+ESS+O(k h* + h*), (34.2)
2 j k? h 2 4
¢, =P + E%og + gse +O(k“h + h*), (34.3)
S R T L K2 + bt 44
am = Px T 102+€57+0( +h%), (34.4)
3 j 2 h? 212 | pa
@y, = Py, + Tk* Porz + =Sg + O(k** + h*), (34.5)
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i . 2

B, = W, + TR + %59 +O0(K*h* + h*), (34.6)

3 J 2 h? 212 | p4

Wy, =Yy, + Tk Vo + Esm +0(k*h* +h*), (34.7)
where

S4 =6(p1 D200 + P2Po20).

Ss = 6(q1W200 + g2 Wo20).

Se = 6(p3 D201 + paPo2r),

S7 = (1+12ps5)®300 + 12(ps + ps) P120.

Sg = (1+12p7)Do30 + 12(p7 + ps) P20,

So = (1 +6¢3A000) W300 + 6(q3A000 + 245) V120 + 6(q3A100 + g6) V200 + 6(q3A100 + q7) Yo20 + 6(q3 + 2q4) Y102,

S10 = (1 + 69sAg00) Wozo + 6(qsAooo + 2q10) Y210 + 6(qsAoto + q11) V200 + 6(gsAoto + q12) Wo2o + 6(gs + 2q9) Yora-
Next, we define

=2j =j =j =j

=j 2] =j =j
Gl,m = g(x”ym’ t]’ ¢)l~m’ @ o CDyI.m’ \Ijlvm’ \Ijxl,m’ lI1.}’l,m)' (35)

bm = Xim?
With the help of Taylor series and the approximations (34.1)-(34.7), from (35), we get

Fd J k2 h? IZhZ h4
Gum = Gl + St + 5 Sn + O(K*h? + h%), (36)
where
ag / ag / ag / og / og / ag / ag /
= 54(aq>) +55(axy T\, ) T\ 5e,) T\ ge,) To\aw, ) Tl a,
I.m I.m Im Im Im Im Im
Then at each grid point (x;, ym, tj), Lm=1,..., N, j=1,2,..., an approximation with accuracy O(k? + h*) for the solution
of differential equations (30.1)-(30.2) may be written as
1 ~ h2  ~. ~ ~ ~ ~
2, 82 242 214 | 16
[(SX +81+ 68" ‘Sy]q)f,m = ﬁ[\pljﬂ,m AW e 8 ]+ 0(kh + k), (37.1)
y o N Py y . . y
[L] (SX + 8y) + L28x Sy]qjl],m + ﬁ [P] q)gtlﬂ.m + P2 q>gtl—l,m + P3 d)itl.mﬂ + P4(D{[I.m—1 + 8q>gtl.m]
_ j j j j j
- [K1 Gyt KLy + K + KA, — G,_m] + T (37.2)

where

h? h? 1
Ly = Bogo + ﬁ(Bzoo + Boo) — m(ﬁoo + 3(2)10)’ L= 63000’

P — (1 3 I;Bmo)’ P, = (1 N f;Bloo)’ P, — (l B tho), P, = (1 N hBolo)’

000 000 Booo Booo
hB1g0 hB1go hBo1o hBo1o
1<:(1— ),1<=(1+ ),K:(l— ),K:(1+ )
! 2Bgoo 2 2Booo ? 2Bgoo 4 2Booo
and
Ti h* 212 1 214 6
Tim= %[(52 +53) = 2Sn ]+ k*h [51 —Aooo T (Wa02 + Wo22) — ﬁq>oo4] + O0(k*h* + h%) (38)

In order to obtain the difference method of O(k? + h*), the coefficient of h* in (38) must be zero, which gives the values of
parameters

f]1=qz=1 C}{3=Qs=L Q4=Q9=*L G5 =quo=0 ¢16=(J7=*Ali Q11=Q12=*A010
4’ 4Ag00” 8Ago0” ' 4Ag00” 4Ag00”

Thus we obtain a difference method of 0(k? + h*) for the differential equations (30.1)-(30.1) and the local truncation error
reduces to T/ = O(k?h? + h®), for arbitrary 7.
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Since the schemes (37.1) and (37.2) are three-level method in time, to start the computation we need to know ¢,1_m and
wllm of desired accuracy at the first time level, t = k. Since ¢ and ¢; are known at t =0, this implies all their successive
tangential derivatives are known at t = 0, i.e. the values

8r+s¢'l(?m 3r+s+1 ¢'lom

away” avayar S0

are known which are sufficient to determine ¥ = ¢ux + Pyy and V4@ = dxxxx + 2Pxgyy + Pyyyy initially. Approximations for ¢
and v of O(k?) at t = k may be written as

K2

Pl = Pl + kDY, + 5 B, +O(K), (39)

1 0 L k0 k> o 13

Vim = 1:ﬁl,m + lﬁ[,_m + 7%,_m +0(k?). (40)
From (6), we have

92

Tt? = -B(x,y.t)Vip +g(x,y.t, P, dr, ¢x, Py, V2, V2¢y. V2¢y)- (41)
Differentiating (41) twice successively with respect to x and y and then adding, we obtain

ad

8;5/ V2[-B(x,y,t) Vi + 8(X, Y. t, ), Pr, bx, By, V2, V2, V2] (42)

Thus using the initial values and their successive tangential partial derivative values, from (41) and (42), we can evaluate
the values of ¢gl and 1/ft0t1, respectively, and then finally, from (39) and (40) we can compute the values of ¢ and  at the
first time level, i.e. at t = k.

For the quasi-linear case, when B = B(x,y,t, ¢, V2¢), we make the following central difference approximations in the
formulas (37.1) and (37. 2)'

Bioo = (Bl ,, — B, )/ (2h) + 00, (43.1)
Bowo = (B! ., — Bl ,, 1)/ (2h) + O(h?), (43.2)
Byo = (Bl ,, — 2B, + B} ,,) /h* + O(h?), (43.3)
Bozo = (B .1 — 2B],, +B],, ;) /> + O(h*), (43.4)

for
.
Blm (XI ym’t]’d)lm’\lj )
Bi j B _ Y Ul
B m —B(xlil Ym. L, chﬂ m "I'lil m) I, m1 _B(x,,ymﬂ,t], D) et "I’l,mﬂ)'

Using the central differences (43.1)-(43.4) in the difference schemes (37.1) and (37.2), the order of the scheme is retained
and hence the O(k? + h*) difference method for the two-dimensional fourth order quasi-linear parabolic equation is attained.

4. Operator splitting scheme

Consider the linear two-dimensional time dependent fourth order PDE (10) including mixed terms with a time derivative
of the Laplacian. Let us introduce a new variable defined by
d
wix,y,t)=vVip — a—?

Since ¢g(x, y) is assumed to be smooth enough, the initial condition for w(x, y, t) can be derived by successively differen-

tiating ¢o(x, y) partially with respect to ‘x’ and ‘y’ so that V2¢(x,y, 0) = 832;’;0 + 8 ¢° . Likewise using the initial conditions

(2), (7) and the boundary conditions (3), "d—‘f and V2¢ are determined on all sides of the solution domain €2 x (0, T]. Hence
¢ and w are known initially and on the boundary of the solution region.
Eq. (10) can be written as coupled system of two diffusion equations as

vV2¢p — %—‘f =wxyt), xyt)e2x(0T], (44.1)
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VW — %—i) =dxy.t), (xyt)eQx(,T] (44.2)
subject to the initial conditions
02 02
$(x.y.0) =do(x.y), w(x.y.0)= 8;20 + quo -P1(xy), (x.y)eQ (45)

and the boundary conditions
¢ =hi(x,y,t), w=hs(x,y.t), (x,y,t) €9 x (0,T] (46)
An 0(k% + h*) two-level implicit difference scheme for Eqs. (44.1) and (44.2) may be written as

1 2, 1 2 Moo
|:1 + ﬁ(l —6AV)S; + ﬁ(l = 6)”))85/ - ﬁ‘gx(sy o)

Im
14 S (1463082 + (14 630182 + 225257 | fk[1+l(82+82)](a)j+1+wj ) (47.1)
12 xT12 y T2y [Yim T 3 2V Lm i) :
1 1 )\.V it1
|:l + ﬁ(l —6Av)82 + ﬁ(l —6AV)8; — 128§8§:|a){jn
L )82 4 a)s2 4+ s2sz i — ks
= 1+ﬁ(1+6 U)X+ﬁ(1+6 u)y+ﬁ”w,’m—§z (47.2)

where
—ij =i =i =i =i
Y d= dipim+dism+dimey +dim 1 —dipm,
for
=i kN =i kN =i k
dl,m = d(x,,ym, ti + E), dli%,m = d<xli%,ym, ti + j), dl,mi% = d(x,,ymi%, tj + E)

The linear difference equations (47.1) and (47.2) requires solution of a system of equations with a large band width at each
time level. Also, it is difficult to study the stability region for the schemes (47.1) and (47.2). In this regard, we add certain
higher order terms in such a way that the accuracy of the scheme remains unaltered. The considered schemes (47.1) and
(47.2) may be factorized as

D185 = DGIad, — 51+ 1502 +82) (@l +0f) = Ry] (481)
XilYiloft! = elYale],, - ’3de =[R,]. lLm=1,....N, j=0.1,.... (48.2)
for

. 1 2 _ 1 2
Xi=1+ 5 (1-6A0)82, Vi =1+ (1 -620)8,

1 2 1 2
X, =1 +ﬁ(1 +6Av)d;, Yo=1 +ﬁ(1 +6Av)4;.

The additional terms added in (48.1) and (48.2) are of high orders and do not affect the accuracy of the scheme.
In order to facilitate the computation, we may rewrite (48.1)-(48.2) in two-step operator split form (see [1,6,11-13]) as

[Vilg 5 = [Ry), (49.1)
(XilfH = ¢r it (49.2)
[Yi]w; 3 = [Ro]. (49.3)
Xl =w/l' Lm=1....N j=01...., (49.4)

where ¢/, and o} are the intermediate values between jth and (j+ 1)th time levels. The intermediate boundary values
required for solving (49.1) and (49.3) can be obtained from (49.2) and (49.4), respectively. The left-hand sides of (49.1)-
(49.3) and (49.2)-(49.4) are factorizations into y- and x-differences, respectively, which permits us to solve by sweeping
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first in the y-direction and then in the x-direction. These sweeps involve only the solution of tri-diagonal systems and
hence easily solvable. ) )
For stability, we use the Von-Neumann method. At each grid point (X, ym, tj), we assume d)ljm = gletPleivm and a){m =

nlelBlelym for i = /=1, £, n being the amplification factors, 8, y being the phase angles. Using these in the homogenous
part of the schemes (48.1) and (48.2), we obtain the following matrix vector form as

2t =Mz, (50)

I
=gl m-[§ 0[5 7]

where

for

1 .2
a= |:1 —§(1 —6Av)sin 3 3 573 5

[1 - %(1 —GAv)sinz%], b= "(1 LR YL ”>,

é_
2_
_ 1 . 2,3— 1 .2V

c_|:1—3(1+6kv)51n 5 [1—§(1+6Av)sm j]'

The eigenvalues of the matrix M are given by

¢ [1-3a+6av)sin® £][1-1(1+6Av)sin® 1]
51,2262 1 - 2B 1 -2y (51)
[1- 31 —6rv)sin® 5][1- (1 - 6av)sin® §]
It follows that the eigenvalues of the amplification matrix M are less than equal to unity in modulus for all phase angles
B, v € [-m, ] and hence the operator splitting schemes (49.1)-(49.4) is unconditionally stable.

5. Numerical illustrations

Using the approximations (13.1)-(13.14) with 6 = % into the differential equations (11.1) and (11.2), we get the two-level
central difference scheme of accuracy O(k? + h?):

(82 + 82) ) = W] + O(KZR? + ), (52.1)

Al (5248201 + h2G, = h2F], + 0GR +h%), Lm=1,....N:j=0,1,..., (52.2)

A three-level implicit cental difference method of O(k% + h?) for the solution of differential equations (30.1) and
(30.2) may be expressed as:

(82 +82)¢i,, = B2 +O(K*h? + h*), (53.1)

Booo(82 + 82) !, + I2g), =h2Cl +0(h +h%), Lm=1,....N. j=1.2,..., (53.2)

In this section, we have solved some fourth order PDEs of physical importance using the proposed schemes for validating
the theoretical deductions with numerical values in connection with order of magnitude and accuracy in solution values. We
choose 7 = 0.5 for the computation of problems of type (6). The right side homogenous function, the initial and boundary
conditions may be obtained from the analytical solution as a trial process. The coupled system of linear difference equations
were solved by Gauss-Seidel iterative method while the Newton-Raphson method has been used for nonlinear system of
equations (see [16,17]). The initial vector (0,0) was used in all cases and the iterative procedure was terminated when the
absolute error tolerance |u®+D —y®| 4+ |pk+D) _y®| <2 x 10-12 was achieved. The fourth order linear equation (10) has
been solved using the operator splitting schemes (49.1)-(49.4).

Example 1. (Nonlinear extended Fisher-Kolmogorov equation, [18])
We consider the EFK Eq. (4) with the initial condition

¢(x.y.0) =1 =%y’ (1-y)°, (xy)eQ (54)
and the boundary conditions
¢=0 V2¢p=0, (x,y,t) € 9Q x (0,T]. (55)

The profile of the numerical solution of Eq. (4) for ¥ = 0.1 subject to (54) and (55) is shown in Fig. 1. This solution is com-
puted by using the schemes (17.1) and (17.2) with k = 0.025 and h = 0.025 at T = 1.0. The graph shows the same behavior
as in [18].
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Fig. 1. The Profile of numerical solution for Example 1 with y =0.1, J=40 and N+ 1 =40 at T = 1.0 by the difference schemes (17.1) and (17.2).

Table 1
Maximum absolute errors and order of convergence for Example 2 at T = 1.0 for different values of k = } and

h= g5 with y = 0.01.

Khiari and Omrani [18] Present method (17.1) and (17.2)
] N+1 MAE Order MAE Order
15 15 ¢ 0.0064 - 3.6811(-04) -
V2¢ 2.0267(-02) -
20 20 ¢ 0.0038 - 1.6715(-04) -
Vigp 1.4472(-02) -
25 25 ¢ 0.0022 - 9.4791(-05) -
V2¢ 6.3222(-03) -
30 30 ¢ 0.0016 2.001 6.0840(-05) 2.5970
Vg 5.0584(-03) 2.0024
40 40 ¢ 8.1310(-04) 2.2245 3.2096(-05) 2.3807
V2¢ 2.6170(-03) 2.4673
50 50 ¢ 4.4541(-04) 2.3043 1.9722(-05) 2.2649
V2¢ 1.5913(-03) 1.9902

Example 2. (Nonlinear nonhomogenous extended Fisher-Kolmogorov equation, [18])
We consider the nonhomogeneous EFK equation

00 Y V-V —f= flxyt). xy) e £>0 (56)
with the initial condition

¢(x,y,0) =sin(2mx) sin(2wy), (x,y) € Q (57)
subject to the boundary conditions

¢=0 V2¢p=0, (x,y,t) 9 x(0,1]. (58)

where f(x,y,t) = (sin(2mx)? sin(2ry)2e~t® — 2 + 64ym4 + 872) sin(27x) sin(27ry)e~". The exact solution is

¢(x,y,t) =sin(2wx) sin(2Qmwy)et

The maximum absolute errors (MAEs) and order of convergence of the schemes (17.1) and (17.2) for y = 0.01 with k=
h is presented in Table 1 for different sizes of the grid at T = 1.0 along with the existing result in literature [18]. It is
observed that with this choice of time step size, the convergence estimated numerically is equal to two since the theoretical
order of convergence of the O(k? + kh% + h*) schemes (17.1) and (17.2) becomes O(h?) for k = h. The obtained numerical
solutions are competent with the available results in literature and the proposed method provides relatively better solutions.
Table 1 shows that for the same parameters as in [18], the present methods (17.1) and (17.2) not only gave quite satisfactory
results with respect to the exact solutions but are also much accurate than the solutions obtained by the difference scheme
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Table 2
Maximum absolute errors and order of convergence for difference methods (17.1) and (17.2) to Example 2 for dif-
ferent values of y at T = 1.0 with A = (k/h?) = 1.6.

Mesh y =0.1 y =0.01 y = 0.001
MAE Order MAE Order MAE Order
9x9 ¢ 2.3012(-03) - 2.1319(—03) - 1.9909(-03) -
Vigp 2.3213(-01) - 2.1866(—01) - 2.0867(—01) -
17 x 17 ) 1.4007(—04) 4.0382 1.2897(— 04) 4.0470 1.1968(—04) 4.0562
V2¢p 1.4326(—02) 4.0182 1.3457(-02) 4.0223 1.2747(-02) 4.0330
33 x33 ¢ 8.6923(—06) 4.0103 7.9924(—06) 4.0123 7.4061(—06) 4.0143
Vigp 8.9196(—04) 4,0055 8.3705(—04) 4.0069 7.9202(-04) 4.0085
Table 3
Maximum absolute errors and order of convergence for Example 3 at T = 1.0.
Mesh O(k? + kh? 4 h*)-method 0(k? + h?)-method
(17.1)-(17.2) (52.1)-(52.2)
MAE Order MAE Order
9x9 ¢ 1.0215(-06) - 1.2604(—04) -
Vigp 2.0668(—05) - 1.9112(—03) -
17 x 17 ¢ 6.3728(—-08) 4.0026 3.2122(-05) 1.9722
V2¢ 1.3122(-06) 3.9773 6.3442(—-04) 1.5910
33x33 ¢ 4.0226(—-09) 3.9857 8.0365(— 06) 1.9989
V2¢ 8.0887(—08) 4,0199 1.8003(—04) 1.8172

in [18]. Also, the maximum absolute errors are reported in Table 2 at T = 1.0 for a fixed mesh ratio parameter A = 1.6 for
various values of ¢ and it is shown that the order of convergence of the proposed methods (17.1) and (17.2) is indeed four
for fixed mesh ratio parameter.

Example 3. (Nonlinear nonhomogenous Sivashinsky equation, [24])
Consider the nonhomogenous Sivashinsky equation

0 ViV (347 -20) 426 = Fxy 0. ()R €50, (59)
where

fx.y.t) =2cos(X+y+1t) —sin(x+y+1t) —2sin®(x+y +t) +2c0s*(x +y + 1),
for which the exact solution is

d(x,y,t) =cos(x+y+t)

In Table 3, the numerical errors are obtained for A = 1.6 with different grid spacing so as to depict order of magnitude of
the proposed schemes (17.1) and (17.2) at T = 1.0. The maximum absolute errors are plotted in Fig. 2 on a log-log scale.

Example 4. (Two-dimensional unsteady singular biharmonic equation, [23])
Consider the two-dimensional fourth order problem with singular coefficient as

V4¢+a¢+ ¢x_f(xyt) 0<x,y<1, t>0, (60)
where f(x, y, t) may be obtained from the analytical solution

d(x,y,t) = e X% sin(y).

We have solved the above example at T = 1.0 for various grid spacing and obtained maximum absolute errors and order of
magnitude in Table 4. It is evident that both order and accuracy are preserved even in the vicinity of singularity x = 0 using
the half-step discretization (17.1) and (17.2).

Example 5. (Quasi-linear problem, [21,23])
Consider the following quasi-linear problem:

atZ) fxyt), 0<xy<1, t>0, (61)

where f(x,y,t) = [4n4(1 +x2 +y% + sinh? (t) sin? (7 x) sin’ (y)) + 1] sinh(t) sin(7x) sin(ry). The exact solution is

(A+x2+y? +dH) Vi +

¢ (x,y,t) = sinh(t) sin(rx) sin(wy).



84 RK. Mohanty, D. Kaur and S. Singh/Applied Mathematics and Computation 352 (2019) 68-87

-6 ‘ ‘ 3]
g
8t d
— o
S =%
i -10f - 1
® —____4)‘ o
=2 - -
2 121 T 1
o -
< -
€ 1al _.-0 |
£ - Pt /
3 -
% —16*0/*"‘ —b— ¢: fourth order |
S =0~ v2y: fourth order
-18} - & - ¢: second order |
ue V2¢: second order
-20 ‘ ‘
-3.5 -3 -2.5 -2

Log(h)

Fig. 2. Order of convergence for the nonhomogenous Sivashinsky equation (59), Example 3 at T = 1.0 by the difference schemes (17.1)-(17.2) and (52.1)-
(52.2).

Table 4
Maximum absolute errors and order of convergence for Example 4 at T = 1.0.
Mesh O(k? + kh? + h*)-method 0(k? + h?)-method
(17.1)-(17.2) (52.1)-(52.2)
MAE Order MAE Order
9x9 ) 2.1630(—05) - 1.1964(-03) -
V2¢ 1.0212(-03) - 8.0216(—02) -
17 x 17 ) 1.2775(-06) 4.0816 2.8932(-04) 2.0480
V2¢ 7.5769(—05) 3.7525 2.6963(-02) 15729
33x33 ¢ 8.0135(—08) 3.9947 7.2426(—05) 1.9981
Vg 5.1260(—06) 3.8857 7.5793(—03) 1.8308
Table 5
Maximum absolute errors and order of convergence for Example 1 at T = 1.0.
Mesh O(k? + kh? + h*)-method 0(k? + h?)-method
(37.1)-(37.2) (53.1)-(53.2)
MAE Order MAE Order
9x9 ¢ 8.3258(—04) - 3.1325(-02) -
V2¢ 1.2414(-02) - 3.1292(-01) -
17 x 17 ¢ 4.9068(—05) 4.0847 7.4100(-03) 2.0798
Vigp 7.3726(—04) 4,0737 7.1479(-02) 2.1302
33x33 ¢ 3.0541(-06) 40060 1.8433(-03) 2.0072
V2¢ 4.5897(-05) 4.0057 1.7765(-02) 2.0085

The maximum absolute errors in the solution variable ¢, the moment V2¢ and order of convergence computed by difference
methods (37.1)-(37.2) and (53.1)-(53.2) are listed in Table 5 for A =1.6 at T = 1.0.

Example 6. (Nonlinear nonhomogenous Boussinesq equation, [3,29])
Consider the nonhomogenous Boussinesq equation of the form:
4 R 2 242
V(]ﬁ—i—W—qu—Vqﬁ =gx,y,t), 0<x,y<1, t>0 (62)
The exact solution is given by ¢ (x,y,t) = eV sint. The homogeneous function g(x, y, t) and the initial, the boundary condi-
tions can be obtained using the exact solution as a test procedure. The maximum absolute errors for ¢ and V2¢ are given
in Table 6. The 3D graphs of numerical solution by (37.1) and (37.2) vs exact solution are plotted in Fig. 3 at T = 1.0 for
h=1/16 and A = 1.6.
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Table 6
Maximum absolute errors and order of convergence for Example 6 at T = 1.0.
Mesh O(k? + kh? + h*)-method O(k? + h?)-method
(37.1)-(37.2) (53.1)-(53.2)
MAE Order MAE Order
9x9 [ 9.0079(-05) - 7.0599(—04) -
V¢ 1.8056(—03) - 5.0558(—03) -
17 x 17 ] 5.6818(—06) 3.9868 2.0274(—04) 1.8000
V2¢ 1.1199(-04) 4.0110 1.6523(-03) 1.6135
33x33 ] 3.5493(-07) 4.0007 5.1966(—05) 1.9640
V¢ 7.0397(-06) 3.9917 4.3685(—04) 1.9193

u values
u values

y values 00 X values y values 00 X values

(a) Numerical Solution (b) Exact Solution

Fig. 3. Plots of numerical and exact solution for the nonhomogenous Boussinesq equation (62), Example 6 at T=1.0 for 0<x<1, 0<y<1 with h=1/16
by (37.1) and (37.2).

Table 7
Maximum absolute errors and order of convergence for Example 7 at T = 1.0.
Mesh O(k? + kh? + h*)-method 0(k? + h?)-method
(37.1)-(37.2) (53.1)=(53.2)
MAE Order MAE Order
9x9 ¢ 9.0043(—-04) - 3.3940(-02) -
V¢ 1.6216(—02) - 3.6299(—01) -
17 x 17 ) 5.4690(—05) 4.0413 8.2498(-03) 2.0406
V3¢ 9.8162(—04) 4.0461 8.7453(-02) 2.0534
33x33 ) 3.4076(—-06) 40044 2.0533(-03) 2.0064
Vg 6.1135(—05) 4.0051 2.1762(-02) 2.0067

Example 7. (Fourth order singular parabolic equation, [23])
Consider the two dimensional fourth order singular problem which is second order with respect to time:

2
V4¢+%%+%V2¢=g(x,y,t), 0<xy<1 t>0 (63)

where g(x, y, t) may be obtained from the considered analytical solution
¢ (x,y,t) = sinh(t) sin(rx) sin(wy).

The numerical results for this problem are shown in Table 7 for various mesh sizes at T = 1.0 with A = 1.6. These results
demonstrate the accuracy of methods (37.1) and (37.2) since the errors reduce with increasing grid spacing.

Example 8. [23] We solve the two dimensional fourth order linear parabolic problem (10) with the proposed spatially fourth
order operator splitting schemes (49.1)-(49.4) for various values of v at T = 1.0 with A = 1.6 for different mesh sizes. The
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Table 8
Maximum absolute errors and order of convergence for the operator splitting method (49.1)-(49.4) to Example 8
for different values of v at T = 1.0 with A = (k/h?) = 1.6.

Mesh v=0.1 v =0.01 v =0.001
MAE Order MAE Order MAE Order
9%x9 ¢ 4.3002(-05) - 7.9389(—05) - 1.0823(-04) -
V2¢ 2.0237(-05) - 1.9213(-05) - 2.3410(-05) -
17 x 17 1) 2.6935(—06) 3.9968 4.9445(-06) 4.0050 6.1058(—06) 41478
V2¢ 1.2793(-06) 3.9836 1.2068(—06) 3.9928 1.3585(—06) 41070
33 x33 ¢ 1.6932(-07) 3.9917 3.0897(-07) 4.0003 3.8776(-07) 3.9769
Vg 7.9456(—-08) 4,0000 7.5670(—08) 3.9953 8.2036(—08) 4.0496
65 x 65 ¢ 1.0583(—08) 3.9999 1.9310(—08) 4.0000 2.4203(—08) 4.0019

V¢ 5.0047(—09) 3.9979 4.7339(—09) 3.9986 5.1572(-09) 3.9916

|
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Fig. 4. Order of convergence of the operator splitting schemes (49.1) and (49.4) for Example 8 at T = 1.0 for different values of v.

numerical errors for ¢, its time-dependent Laplacian (Vz - %)¢(x, y,t) and order of convergence are reported in Table 8.
In Fig. 4, we display in a Log/Log scale the errors (shown numerically in Table 8) for v =0.1,0.001 at T =1.0. It is seen
from Fig. 4 that the slope of the graph is almost constant around four.

6. Concluding remarks

We have described 9-point compact finite difference schemes to solve time dependent PDEs with fourth order spatial
derivatives in two-space dimensions. The given fourth order differential equation is reduced into a system of two second-
order equations subject to Dirichlet type boundary conditions. These schemes have second order accuracy in time and fourth
order accuracy in space. The foremost advantage of developing these new methods which uses half-step points of the grid
is that these are directly applicable to singular problems without requiring any fictitious points or particular treatment
at the point of singularity. Eventually, computational complexity has been reduced and for fixed value of the mesh ratio
parameter A = k/h2, the derived methods perform like fourth order methods which is evident from the numerical results.
The simulations presented in this work exhibit a good agreement with regard to the analytical solutions. The efficacy of
the proposed approach has been tested on several physical problems including the good Boussinesq equation, Sivashinsky
equation and the EFK equation. The proposed two-level methods (17.1) and (17.2) give more accurate results for the EFK
equation than those discussed in [18]. Using the fourth order accurate methods, we are able to simulate the dynamics
of two-space dimensional fourth order time-dependent problems with sparser grids and lesser time steps in comparison
with the standard second order schemes. Another utility of the methods is that these can be applied with ease to solve
nonlinear partial differential equations without linearizing the nonlinear term. The present approach is combined with the
Newton'’s iterative method to solve nonlinear problems. We also discuss operator splitting method for solving a class of
fourth order linear parabolic equation which allows multiple use of the one-dimensional tri-diagonal solver and is shown
to be unconditionally stable. In addition, the solution of Laplacian which is often of interest in applied problems is also
computed. Several numerical experiments are performed to demonstrate the performance of the proposed algorithms. It
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is hoped that schemes presented in the paper can be extended to facilitate numerical studies of higher order nonlinear
parabolic problems arising from mathematical models of a diverse range of physical processes.
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