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Abstract

The aim of this study is to develop compact difference method to approximate parabolic
PDEs of fourth order equipped with Dirichlet and Neumann boundary conditions
involving half-step points. The proposed method converges quaternary and quadrat-
ically in space and time, respectively. The imbedding technique has been applied to
approximate derivative terms of lower order by means of the governing differential
equation to deduce the high-order method. The primary utility of this new discretization
is that it can be straightaway applied to problems with singularities without necessitat-
ing fictitious nodes or special approach which has consequently lowered computational
complicacy. We have examined linear stability of the proposed three-level implicit
difference scheme using matrix stability analysis. In addition, we also obtained the
solution of the first-order spatial derivative which is of significance in several physical
problems. The efficacy of the proposed approximation is confirmed through numerical
tests performed on a collection of physically relevant problems comprising the Euler
Bernoulli beam equation and the highly nonlinear good Boussinesq equation. Numer-
ical experiments evidently exhibit that the method provides more accurate results in
contrast with the existing numerical techniques. The present method is able to simulate
well the complex and intriguing long time dynamics of the good Boussinesq equation.
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1 Introduction

In this research, we consider the generalized form of one-dimensional fourth-order
parabolic partial differential equations (PDEs):

a(x,t)%%—% =¢(x, 1,0, v, Uy, Uxy, Uxxx),  (X,1) € Q (1)

with the initial conditions
v(x,0) = vo(x), X4 =<x =xp, 2.1
z—l;(X, 0) =vi(x), xq <x =<xp. (2.2)

The Dirichlet and Neumann boundary conditions are given by

v(xtla t) = fo(t)7 U(.xb, t) = go(t), t > 07 (31)

av ov
a—(xa, )= fit), —@p,t)=g1(), t>0, 3.2)
X 0x

where Q2 = (x4, xp) X (0, 00) and the functions ¢, vo, vi, fo, g0, f1, g1 are suf-
ficiently smooth real valued functions. We have presumed that the solution v(x, t)
is smooth enough so that the order and accuracy of the underlying finite difference
method is preserved. Fourth-order PDEs of type (1) model various phenomenally sig-
nificant problems in scientific and engineering disciplines like fluid flow, shallow water
waves, vibrations of a homogenous beam, deformation of beams, ion-acoustic wave
in plasma, magnetohydrodynamics wave in plasma, and pressure wave in liquid—gas
bubble mixtures [3, 12, 20].

The class of PDEs (1) admits, in specific, the Euler-Bernoulli beam equation that
governs the transverse vibrations of a beam [26]:

A2 2 (B 22) 2o 4
PA) T +ax2< (")axZ)— : “)
where 0 < x < [, [ is length of the beam, t > 0, p is the beam material density,
A(x) is the beam cross-section area, and E1(x) > 0 is the flexural rigidity or bending
stiffness of the beam. This is the oldest though commonly applied model describing
the motion of an inextensible beam with the neutral axis along the x-axis. The support
position of the ends of the beam determines the boundary conditions corresponding
to Eq. (4). For instance, the boundary conditions corresponding to a beam whose each
end is clamped or whose one end is clamped and other end is free occur physically in
the study of fourth-order problems. A beam that is clamped at both ends corresponds
to boundary conditions of the type (3.1)—(3.2). The Euler-Bernoulli model is yielded
by the classical linear theory of deformation. The first coherent theory of elasticity
of thin beams was formulated by Jacob Bernoulli wherein the curvature at any point
of an elastic beam is proportionately related to the bending moment of that point.
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Furthermore, a PDE was derived for the displacement of a thin vibrating beam [12]
which is based on his uncle’s theory of elasticity. Afterwards, Bernoulli’s theory was
extended and applied to the loaded beams [26] by Leonard Euler. The Bernoulli’s
beam equation solution is significant in numerous areas of engineering, for instance,
in the production of flexible frameworks (buildings and railway construction) and in
the layout of robotic designs. The vibration of beams has been studied extensively in
the past and is still of interest to scientists and engineers. For analyzing the underlying
model for the motion of a beam, we refer to [12, 20].

Another significant example is the good Boussinesq equation that is analogous
to the Korteweg-de Vries equation and nonlinear Schodinger equation presenting a
balance between dispersion and nonlinearity which leads to the soliton solutions [4].
The nonlinear good Boussinesq equation was first derived by Boussinesq [3] and has
the following form:

v 32w rwH) 9t
ar2  9x2 0x2 x4’

)

The nonlinear Boussinesq equation (5) is another significant model which has var-
ied applications in diverse fields, such as longitudinal dispersive wave in elastic rods,
magnetohydrodynamics wave in plasma, pressure wave in liquid—gas bubble mixtures,
and ion-acoustic wave in plasma (see [4, 19]). It represents shallow water waves pro-
gressing in both directions and exhibits an extremely complex mechanism of solitary
wave association (see [3, 10] and references therein).

There exist extensive literature on numerical study of fourth-order parabolic PDEs
and still undergoing recent developments which has resulted in numerous research
articles in this area. In the past, Sinc discretization for the fourth-order spatial prob-
lem and the second-order temporal problem was presented with various common
boundary conditions by Smith et al. [25]. Mohammadi [21] proposed a collocation
method based on sextic B-spline basis for the Euler-Bernoulli problems with fixed
and cantilever boundary conditions emerging in robotic layouts. Later, El-Gamel [11]
investigated fourth-order PDE with variable coefficients modeling the transverse vibra-
tions of a uniform flexible beam using sinc-Galerkin method and obtained accurate
results even though singularities exist at the boundaries. In recent years, fourth-order
accurate in space and second-order accurate in time two-level implicit difference for-
mulas employing only three, nine, and nineteen spatial nodes for one-, two-, and
three-dimensional vibration problems, respectively, of a single compact stencil were
developed in [22]. In contrast to their linear counterparts, it is quite challenging to
solve numerically nonlinear PDEs such as the good Boussinesq equation due to its
complex principle of solitary wave collaboration. The good Boussinesq equation has
been extensively studied and analyzed in literature. Earlier, Manoranjan et al. [18]
obtained an analytic formula for the two-soliton interaction using Petrov-Galerkin
method. Numerical study of Boussinesq equation can be traced back to the work of
Bratsos [4] wherein finite difference method was developed using method of lines.
Later, Bratsos [5] applied a predictor-corrector scheme based on rational approxi-
mants for the numerical solution of good Boussinesq equation. Mohebbi and Asgari
[1] numerically solved (5) with fourth-order time-stepping schemes in combination
with discrete Fourier transform. Afterwards, Dehghan and Salehi [10] employed the
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boundary-only meshfree method for the classical Boussinesq equation in one dimen-
sion. A highly accurate finite difference method by transforming (5) into a first-order
differential system in time has been proposed in [14]. High-order energy preserving
scheme is obtained for the good Bossinesq equation by pseudo-spectral method in
spatial variable and the fourth-order average vector field method in time variable in
[15]. Yan and Zhang [30] discretized the good Boussinesq equation in space using
the Fourier pseudospectral method and in time by applying the Hamiltonian boundary
value method to construct energy conserving schemes. Furthermore, Zhang et al. [31]
designed two numerical methods for solving the spatial-temporal pseudo-spectral col-
location formulations for the good Boussinesq equation by applying Krylov deferred
correction method in one time-marching step. The standard finite difference method
was improved to construct highly efficient structure-preserving methods for the good
Boussinesq equation by Chen et al. [9]. Lately, Ostermann and Su [23] introduced
two exponential-type integrators of orders one and two, respectively, for the good
Boussinesq equation. Brugnano et al. [6] studied the good Boussinesq equation for
the geometric numerical solution by applying a spectrally accurate Fourier space semi-
discretization. The moving mesh method and the He semiinverse approach have been
employed to determine the numerical and soliton solutions, respectively, for the good
Boussinesq equation in [2]. Recently, Su and Yao [27] considered a second-order
Deuflhard-type exponential integrator Fourier pseudo-spectral method for solving the
good Boussinesq equation. Ucar et al. [28] constructed Galerkin finite element model
based on cubic basis for the Boussinesq type equations.

The fourth-order parabolic PDEs poses numerous challenges which are of less con-
cern to the first- and second-order equations when applying finite differences for the
numerical solution. The accuracy in that case relies on the approximations employed
at the boundary. Time stepping is also crucial for these equations. The available fourth-
order accurate in space implicit difference formula of [16] for parabolic problems of
fourth order uses three spatial grid points but is unable to determine the solution at
singular points because of the presence of the terms of the form 1/x;_; that creates
difficulties at / = 1 where xo = 0, thus requires particular handling for solving sin-
gular problems resulting in tiresome calculations. In the present work, by considering
solution values v and dv/dx at each node, we develop difference scheme based on half-
step discretization for solving fourth-order evolution equations using same number of
nodes. The proposed method involve the terms like 1/x;—1/> instead of 1/x;—1 and
hence considerably more advantageous to apply at x = 0. Thus, the present approach
employs half-step nodes like the discretization devised for a two-point boundary-value
problem by Chawla and Shivakumar [8] and is therefore called the half-step discretiza-
tion. The proposed method stems from a sort combination of the methods proposed
in [16] and [8], which is applicable to solve both singular and non-singular problems,
and in such a combination lies the main contribution of the manuscript.

The paper is organized as follows. In Sect. 2, we formulate and derive the compact
difference scheme based on half-step discretization of order four in space and two in
time for the PDE (1). The stability of the derived three-level difference scheme has
been examined by the matrix method for a linear problem in Sect. 3. Some numerical
experiments are reported in Sect. 4 to corroborate the accuracy and effectiveness of the
new method. We have compared our results with the previously developed methods for
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the physical problems such as the Euler-Bernoulli beam equation [21] and the highly
nonlinear good Boussinesq equation [5-7, 10, 14, 28, 29]. Numerical findings exhibit
that the derived solutions not only approximate the analytical solutions very closely
but are also more accurate than those derived using the existing methods [5-7, 10,
14, 21, 28, 29]. Finally, some remarks are summarized in Sect. 5 based on theoretical
findings and numerical experiments.

2 Formulation and derivation of compact difference scheme

This section is devoted to introduce the idea for constructing our new finite difference
method. Considering the prescribed boundary data, the solution values v(x, ¢) and its
spatial derivative of first order w(x, t) = 3—z(x, t) are employed for deriving highly
accurate compact difference method for the parabolic PDE (1) of fourth order.

We discretize the solution domain €2 with mesh sizes 4 > 0 and 7 > 0 in the x-
and ¢- directions, respectively. The grid points (x7, fz) are given by x; = x, + [h and
ty =kt,where/ =0,1,..., N+ 1,k=0,1,2,...; N being a positive integer with
(N+1Dh=xp —x4. Letr = (r/hz) > (0 denotes the mesh ratio parameter. Let Vlk
and Wlk be the exact solution values of the functions v(x, ¢) and w(x, t) at the node
(x7, t), respectively. The approximation of the functions v(x, t) and w(x, ¢) at the
same node is denoted by v{‘ and w;‘, respectively.

At the grid point (x7, #;), for S = V and W, we denote

8r+sS

:W, SZO,l,....

rs

For understanding the formation of the method, we first consider the following
ordinary differential equation of fourth order:

d*v
=@, x<x<m ©)

a(x)d—

with v and w = g—;} specified along the boundary.
By the help of Taylor series expansion, we can easily verify that

Vigr + Vier =2V + h? (dz—v) +h—4(d4—v> L ("G—V) + 00 (7.1)
dx? ), 12 \dx* ), " 360 \ ax6 ),

Vil — Vi =2hVy, + };: (%)1 + g <‘5x‘5/>1 + 0" (7.2)

Wiyt + Wi_1) = 2hVy, + i (‘Z‘;)[ + % (‘iﬁ)l + 0" (7.3)

h(Wie1 — Wi_y) = 2h° (%)] + %4 (%)l + g (’267‘6/)1 + 0@ (7.4)
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Eliminating (d V) from (7.1) and (7.4), we obtain (8.1). Likewise, eliminating
(W)z from (7.2) and (7.3), we obtain (8.2):

d*v ho [doV
n (T T ) = —12(Vi—1 = 2Vi + Vig) + 6h(Wigg — Wi—y) — — (—6> + o), 8.1)
x* ), 15 \ dx® /,

s [V ,
h s = —=90(Vi41 — Vi—1) + 30h(Wi—y +4W + W) + Ok, 1=1,..., N (82)
1

Above are the finite difference approximations for the derivatives in terms of the
function values v and w involving only three nodes of a single compact stencil.
For deriving the high-order compact approximation, we consider the linear combi-
nation and use the governing differential (6) to obtain

h*(Pogy + hPidps, + h> Pacprr))

a*v v a*v
_ 4 5
=h POal(dx4> + h° Py |:al(dx >l+axl <W>l
p dv a’v a*v
+h°P | a e l+ 2ay, i l+axxl It l

da*v >V
_ (a,PO + hay Py + h axx,Pz) K (d 4> + (a P1 + 2hay, Py) b (ﬁ>
1

dv
+a Pyh° ( o 6) ©)

where Py, P;, P, are real constants to be calculated and ¢; = ¢ (x;), @ = a(x;) and
so on. Employing the approximation (8.1) in (9) leads to

h*(Pogr + h Py, + h* Pagpry,)

he [ d®
= (alPo + hay, Py +h2axx1 Pz) [*12(‘/171 —2Vi+Vip) + 6 (Wi — Wl—l)*g (W) i|
!

v v
+ (a Py + 2hay, P,) b o5 +a1P2h6<d—6> + 0% (10)
x>/, x° Jy

For the fourth-order compact difference method, we equate the coefficients of
h3 (d 5) and h® (d V) to zero in (10) to obtain

dx®
= —2h—P2, Py=15P,
aj

Let P, =1, we have Py = 15 and P = —Zh%
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We approximate the derivatives in (10) by second-order finite difference method
using half-step points:

¢l+§ _‘f’l—%

bx ; + O(h?), (11.1)
(b1 =201+ 1
Prx, = ( s hzl ”5) + 0(h?), (11.2)

where ¢, 1 = ¢ (x;, 1), X, 1 = x1 & % Using the above approximations and the
2 2 2
obtained parameters in (10), it yields the fourth-order compact difference method for
(6):
2h% a n?
|:al - 76{%1% + *axx,] [2(Vie1 = 2Vi + Vi) + h(Wigr — Wimp)]

15

4
_n [(44—2}1 )¢, 1+7¢,+<4 2h ‘1>¢Z+ ]+0(h3), I=1,..., N (12)

Analogously, to derive the compact difference approximation of fourth order for
w(x), the following linear combination is considered:

h*(Rogr + hR1ds, + h*Roges,)

d*v >V
= (alRO + hax,R] + hzaxxl R2) h4 <m>l + ((llRl + 2hax, R2) hs (ﬁ)l
d®v
+a1R2h Ix6 (13)

where Ro, R; and R; are the unknowns to be suitably determined. Employing the
approximation (8.2) in (13), we obtain

h*(Rodr + hR1¢s, + h> Ragry,)

d4
(a1R0 + hay, Ry + n? Ay, Rz) n* < )

dx?
+ (@ R1 + 2hay Ro) [—90(Vit1 — Vim1) + 30h(Wi—1 + 4W; + Wipn)]
6 d6V 7
+aRoh° | —— ) +O0h") (14)

For the fourth-order compact approximation of w(x), we equate the coefficients of
h* (‘2 ‘:) and h (%)l to zero in (14) to obtain

ajRo + hay, Ry + hza”,Rz =0, Ry=0
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Let Ry = 1, we get Ry = —haa—‘/ Substituting the values of Ry, Rj, R» back in

(14) and applying the approximation (11.1) leads to the following O (h*) accurate
discretization for w(x):

ar [=3(Vigr = Vie) + h(Wimy +4W, + Wip)]

h ay, 7
= % ¢1+% - ‘bl,% —h a_l dr|+ O,
I=1,...,N 15)

Now, we develop the approximations (12) and (15) for the initial boundary value
problem (1) comprising higher order derivatives. This is accomplished by defining
appropriate approximations to v, w, v, Vs, Uxx, Wyxy at the node (x;, #x) and the
adjacent half-step nodes (x; 1 t¢). For the higher-order method, we consider the

below approximations denoted by ““” for the respective solution variables and their
partial derivatives. For r = 0, &1, we let

Vi = Vit + =2V, v 0<n <1 (16.1)
Wh, =W+ —2pwi, + Wi 0<n <1 (16.2)
Vol = (V= VD @), (16.3)
Vit = (Vi =2V, + vih/2, (16.4)
- 1 Fay —~

V/;% = SV + VD, (16.5)
—~ 1 _ _

(Vz);{i% = E(V,’;ﬁl R Y (16.6)
A~ 1 ~~ -~

W,’;% = ig("/‘ﬂ -vh, (16.7)
(Veo)f = (Wi, = WE)/@2h), (16.8)
U \k 1 ik ik

(VXX)I:I:% = iE(WI:I:I - W), (16.9)
(Wxx)é{ = (Wlk_;,_l - ZWZk + Wlk_l)//’l2~ (16.10)

We define the functional approximation:
B = ¢ (o, 1 U Ol WE (Teof, (W} )
= of + 0(«? + 1), (17)

where <I>§‘ = ¢ (xy, tg, Vlk, th, Wlk, V)fx,, W)fx,)- For O(t2 + hz) approximation of

wy, at the half-step points (x;+1,2, %), consider the following linear combination:
hS(va)fi% = “0(‘71111 - ‘711(—1 - 2hVT/1k) +°‘l(‘7113r1 + ‘711{—1 - 2";]1() +°‘2h(Wzlll - Wlk—l) (18)

=Wy, | +O0@h +h)
2
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where o, o1 and «; are the real constants to be calculated. By Taylor series
expansion, we have

n PV nt (ot n* (v,
(= Dleve (2 vk 4L (2L
%073 <8x3) ”1+12(ax4>, e o T3\ 5 ),

k

3’V w04V
3 273 5
=h (8)6) ﬂ:;(w)l"'O(th +h)

Equating the coefficients up to h* to zero in above, we obtain (g, a1, on) =
(3, F6, £3). Thus, we have the approximations:

~ RPN ~ ~ 6 ~ ~ ~ RIS ~
(W“);(:tl = 7(‘/1111 -V —anWhH hT(VIkH +VE -2V + hﬁ(Wlﬁl /)

=Wk +0@E*+1?) (19)

xxl

Next, we define the functional approximation:
b, =¢ (x,il o Vi (Vs Wiy (Ve (Wxx>,i1> (20)

Employing O(z? + h?) approximations (16.5)-(16.7), (16.9) and (19) in (20), we
get

b, =9 (xz, o Viy + Wiy + 0@ 10, Vi, |+ 0@ + k%),
2

o?+h?, vk + 0(r2 +1H, WE o+ 1Y)
1=} =1

=  +0GE?+h? Q21
£
k k k k :
where <I>HE, = ¢ <x1,tk, Vlil,V, 1, Wlil,V i%, 1% xzil)' For the higher

order method, we require add1t10nal approx1mat10ns to the second-order partial deriva-

tives of the solution variables v(x, ) and w(x, t) at the central node (x;, ;) and

neighboring half-step points (x,, 1, #) denoted by “~” for the respective solution
2

variables. Consider the following linear combination:

WAV o0)f = aio(VE, + VE, —2V5 +anh(Wf, — W) (22)
=h’VvEk + O0?h* + 1)

XX|
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where o109 and o1 are real constants to be found suitably. With the aid of Taylors
expansion, we have

B 94V \* B 3tV
2v/k 2v/k _ 1.2k 212 6
10 (h Vxxl + T <78x4 )l + a1 | 2k Vxx; + 3 <7ax4 >1 =h Vxx; + O(t°h" +h>)

Equating the coefficients up to i* to zero in above, we get
5 1
alp =2, o =-—=.
10 11 )
Thus, we have the approximation:
5 w2 ok Tk | Tk 1 =k 7k k 2 g4
Ve = 1z O =2V 4 V) = 5 (W = W) = Vi + 0 44 (23)

Similarly, we obtain the following approximation:

15

(Wxx)f = ﬁ

~ ~ 3 < ~
Vi =V D=5 W A8W W) = Wi +0(2+hY) (24)

Using the additional approximations to the second-order spatial derivatives, we
define the functional approximation at the central node (x;, #;) by

=k ~ o~ ~ = =
& = (.1 V' Ol WE (Voo (W) = of + 0 +0%) - 29)

Further, in addition the following higher order approximations at half-step nodes
(o, 1 ty) are considered:

ok T Sk k
Vied =5 Vi + V1) = e Wi - W)=V,

L+ NtV + O(t2h + 2h> + %), (26.1)

= 1 - -~ h
k k k k+1 k-1 k-1 e+l
(Vt)li% = E(Vl,il +V,) - E(WI.H +WI =W =W

2
=VE + TV + 0@2h+ 22 4 ), (26.2)

1+ 6
=k 1 ~ ~ 1 ~ ~ ~ .
Wit = 3 Wiy + W = oWy = 2W + W) = W +07Viz + O h+ T80 4 1),
(26.3)

For the high-order approximation of vy, and w,, at the half-step points, we let

hz({/\xx);;% = )’0(‘71];1 - 2{/\]]( + i/\lk,]) + )’lh(Wlﬁ,l - Wl]il) + )’2(‘71];1 - {/\1111 - Zhwlk)
(27)
=V |+ 0GP + 1)
I+3
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Expanding the right-hand side of (27) about (x;, #) using Taylor series and equating
the coefficients upto h* to zero, we obtain o, V1, Y2) = (%, ;11, %). Hence, we have

= ~ - 1 ~ _~ P _~
k k k k k k k
Vo, = 2hz(vl+1 20+ V) + (W = W + th(ml VE L — 20 Wh)

- foHl + 012V + O(T2h + T2 0% + 1) (28)
2

Likewise, we have

){/\\xxk =
( )l—% 2h2 2h2

= kaxl 0TV + O h 4+ TR + ) (29)
-2

~ ~ | PN ~ —~ ~
(Vi — 2‘ﬁk+vzﬁl)+ﬂ(wﬁr1 - WD) — 55 (V) =V —20W)

= 15 ~4 -~ ~ 9 ~p ~ 6 ~ ~ ~
(Wxx)fi% = —m(vfﬂ = Vi = 20w + W(Wﬁrl + W =20 F hﬁ(Vz’fH + VA =2V
3wk _ ik
7 Wi = Wiy

- fo[h + 012V + 022k + 1202 + 1Y) (30)

Employing the approximations (26.1)-(26.3) and (28)-(30), we define the additional
functional approximation at the half-step points:

=k =k =k =2k

<I>,i1 =41 r,,v,i bV Wiy Ve W D=0 o+ h+h%) (31)
2 2

1
Ix5 5

Then, the difference method of O (72 + h*) for the differential equation (1) and the
corresponding difference scheme for w(x, r) maybe written as

2h? h? - -~ . .
k k k k k k k k
|:a1 15 (a;( ) ay, + 15”xx;i| [_2(‘//71 - 2Vl + Vl+l) + h(WHl - Wl—l)]

" 1 haﬁ’ Vb +13V0F+ (1 haﬁ’ (Vi)k
+— —hL + +(14+n-2L _
90 azk 1)]41 1)] azk )]
h4 k =k =2k a_],fl =k =k
=55 |14 2h By +TP + 4+2ha—k O i [ +TF I=1 N k=12,

l (32a)

N N N o~ o~ ak
af [_3(‘/11;1 —VED+hWE, +4Wf + W1k+1)} % |:(Vtt)5(+1 Vi, —2h ( ) (Vrt)1i|
af

|~ ~ ak
=30[q>f+l—<pf —h( )@"}J“Z’ I=1,....,N, k=1,2,... (32b)
2 - a

1
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respectively, where T“lk(l) = O(t*h* + h®) and 7"7‘(2) = O(z>h’> + "), for arbitrary
n. The Taylors expansion yield

k
ak — 2 () + " —2(VF, =2+ VE )+ hWE, = WE )
d 15 \af A T 15 % -1 1 I+1 I+1 -1

L 1 ha/;’ vk 13vX 1 ha/;’ vk
+% - E t T i+ + E -

B k k
_ BRI APY k Do\ ok 8
=% (4 2ha,’<) <I>l+% + 1397 + 4+2ha7‘ <1>[7% + O(h®) (33a)

. n* ak
af [—3(‘/1111 —VED +hWf +4Wf + W1k+1)] *t% |:Vz1§1+1 — Vi, —2h (6:2’) Vrlfz:|
/

30| I+2 2 :

B k
— ot ok, (",{) qﬂ + o) (33b)
a

Implementing the approximations (16.1)-(16.2), (16.4), (25), (31) in (32a) and with
the help of relation (33a) and the governing differential (1), the local truncation error

=7 (1 . . . . .
le( " associated with the difference method (32a) is obtained as

s 0T (dty k+ak 3oV "+ 2*v k,zﬁ (Y k+ #3v
Bomoo [ laxd ), Nax® ), " \ax2ar2 ), Tak \ 7 \axt ), \axar? ),

k
gt z“w,} O 44 (34)
4

Differentiating (1) twice successively with respect to x and employing those relations
in (34), the coefficient of 4® in (34) vanishes and thus, the local truncation error is
achieved as /T\Ik(l) = O(t2h*+h¥), forall choice of 1. Similarly, ?7‘0) = 02’ +h")
and thus the difference method (32b) is an approximation of order O (t>h? + h*) for
the first-order spatial derivative g—z (x,1) = w(x,1t).

Including the given boundary and initial conditions, the three-point compact dif-
ference method results in block tridiagonal matrix form which is solved by applying
appropriate iterative techniques. Block Gauss-Seidel iteration method can be applied
if differential equation is linear while Newton’s nonlinear block iteration method (see
Kelly [17], Hageman and Young [13]) can be used for the nonlinear case.

The difference formulas (32a)-(32b) are free from the terms 1/x;41, hence solvable
forl =1,...,N for0 < x < 1, t > 0. The half-step nodes facilitate the direct
application of the scheme (32a)-(32b) to problems with singularities without any
modifications which is an advantage of the present method.

3 Stability investigation
For examining the stability, let us consider a linear parabolic PDE of fourth order:

M Y, wnea (35)
~ A 5 = x? 9 x’
ax* 92
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Implementing the finite difference method (32a)-(32b) of accuracy O (z2 + h*) to the
model (35), we get the following matrix form relating the mesh point values along the
(k + 1)th, kth and (k — 1)th time rows:

Py*tl =P+ @y® - Py D 41 (36)

where

Py Py 01 Qi v I
P = N = s = N l = .
[le P22:| 0 |:Q21 2 w I
P and Q in (36) are block tridiagonal matrices of order 2N while y and I are 2N
component column vectors. The solution vector is denoted by y whereas the column
vector [ represents known boundary data and function values on the right hand side

of the matrix (36). The matrices P and Q are composed of the submatrices whose

values are given by
Py =[1,13, 11— 1802%n[1, =2, 1], P1» = 90A%nh[—1,0, 1], P2 = (1 — 180A%n)[—1,0, 1],

Py = 60Anh[1,4, 1], Q) = 1802°[1, =2, 1], @, = —90A%A[—1,0,1], Qy = 180A%[1,0, 1],
Q. = —60A2nh[1, 4, 1].

Here, [p, g, r] represents tridiagonal matrix of order N with characteristic values g +
2 /prcosy), ¥ = (rm)/2(N +1)), r=1,..., N. Also,v = (v1, v, ..., on)T
and w = (wy, wa, ..., wy)T are the solution vectors.

The eigenvalues of submatrices Ppj, P12, Py and Py are 15 — 4(1 —
180A21) sin? ¥, 180A%nh cos(2y)i, 2(1 — 180A2n) cos(2y)i and 120A2nh(3 —
2 sin% ), respectively, where i = /—1.

Further, the eigenvalues of Q;, Q5. @, and Q,, are —720A2 sin? yr, —180A°h
cos(2y)i, 36012 cos(2y)i and —120A°nh(3 — 2 sin® ¢/), respectively.

We examine the stability of differential equation (35) by considering the homoge-
nous part of the difference scheme (36) written as

y(k+1) — I + p! Q)y(k) _ Iz(k), (37.1)
7*k+D — Iy(k) +0z®. (37.2)

Let us denote efk) = y® —y® and eék) = z® — Z® (in the absence of round-off
errors) the error vectors at the kth iterate, where

®)
7kt _yo |V
W 9

V and W are exact solution vectors. With this, the error equation becomes

(k+1)

E®+D — | €1 = HE®,
E§k+1)
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for the amplification matrix H given by

_[20+P7'Q -1
m=rre]

The eigenvalue x of the matrix P satisfies the below characteristic equation:

d [15 —4(1 — 180A2n) sin> ¢ — x 18012 nh cos(2y)i

2(1 — 180A%n) cos@y)i  120325h(3 — 2sin2 ) — x} =0 G®

The eigenvalue & of the matrix @ satisfies the below characteristic equation:

det [—720A2 sin® ¢ — & —180A2h cos(2v)i E] _0 (39)

36012 cos(2y)i  —120A2nh(3 — 2sin® ¢) —

Let  denote the eigenvalue of P~! Q. The characteristic equation satisfied by the
eigenvalue p of the amplification matrix H can be written as

det[2+w_’0 _l}zo
1 —p

which yields
P> —2yp+1=0 (40)

for y = 1+ . Thus, the difference scheme (37.1)-(37.2) is stable provided |y| < 1,
that is,
—4<w=<O. 41

The characteristic equations (38) and (39) can be written as

x> =+ s)x + (ris2 —s12) =0
E2 — (r3 + 54)E + (1354 — 5374) =0

respectively, where

r1 =15 — 4(1 — 180A%n) sin® v,
ry = 180i A2 nh cos(2yr),

ry = —7201% sin® v,

ra = —180iA2h cos(2y),

s1 = 2i(1 — 180A%n) cos(2y),
s = 1200%nh(3 — 2sin” ¥),

53 = 360iA% cos(2y),

s4 = —120A%nh(3 — 2sin’ ¥).
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Thus, the above quadratic equations give the eigenvalues of P and Q as

1 2
xz=3 [(n 52 &1 — 52 + 4S1r2} “2)

and

1 2
0= 5 | (359 %03 — 5007 + dsary 3)

respectively. The eigenvalues of the product P ~! Q are given by 51—2 since the matrices
X1,2

P~ 'and 0 commute. Hence, from (41), we obtain the relation
§12+4x12>0 (44)
For small /, condition (44) holds if r3 + 4r; > 0, i.e., if
(28801 — 720)A% sin® ¢ + 4(15 — 4sin®¥) > 0

which is true if 288017 — 720 > 0. Hence, condition (44) is satisfied for all choices of
A > 0 provided n > %. Thus, the difference scheme (36) is stable for n > ?1L'

4 Numerical experiments

For examining the accuracy of the derived method, we have determined the solution
of various linear and nonlinear parabolic problems of fourth order having physical
significance. We have taken standard problems widely considered in the literature for
testing different methods as numerical examples. For computations, n = 0.5 has been
chosen for each problem. The proposed difference formulas yield block tridiagonal
matrices. We have applied Gauss-Seidel iteration method for determining the solution
of coupled linear system of equations while Newton’s nonlinear method has been
applied for solving nonlinear equations (see [17, 24]). In all cases, we have terminated
the iterations when the absolute error tolerance 1e — 10 has been attained.

Note that the difference method (32a)—(32b) for the solution of equation (1) is a
three time-level method. The solution values v and w are known at + = 0 from the
initial conditions. At first time-level ¢ = t, the solution values v and w of desired
accuracy are needed for beginning the computation, for which we employ an explicit
difference method of accuracy O(z?) that is applicable to problems in cartesian and
polar coordinates. Using the known initial values of v and dv/dt, the following con-
secutive tangential derivatives are known at t = 0:

qu? aqw? 8‘1“1)[0 Bqu?
axd ' 9x9’ 9x99t’ 9x99t

q=0,1,...
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The given differential (1) may be re-written as:

9% 0%
Fyole —a(x, t)m FO(x, 1,0, U, W, Vyy, Wyy) (45)

Differentiating (45) with respect to x, we get

92 9t v dp dp v 9P 9*v A D ap v 9p 33
w w v 00 990v 99 v  9pow 99 v 94 ow (46)

a2 T ot T T ox T v ox | ov, 9x0r | dw 9x | vy, 9x3 | dwy, 00

The following explicit difference schemes of accuracy O (t?) are used for the solution
values v and w at first time-level:

2
T
V=V 4+1v) + TV,(,)I + 0 (47)
2
T
W =w+w? + ?ng + 0(t%) (48)

Hence, considering the initial and consecutive tangential derivative values, the values
of V,?l and W,?l are obtained from (45) and (46), respectively. Furthermore, these
values are substituted in (47) and (48) for computing v and w at first time-level.

To demonstrate the accuracy of the proposed method, we evaluate the error norms
defined as below:

Loo = max |v(x;, 1) — V(xg, )],
1<I<N

| N 1/2
L2= [NZ“)(XZ,I)_V(XI,I)F} B

=1

To validate the efficacy of the derived scheme and for comparing it with the available
methods, we examined the propagation of solitary wave for the good Boussinesq
equation and report numerical findings for different time and space steps. Then, we
investigated the interaction of two solitary waves.

Example 1 [21, 25] (Euler-Bernoulli beam equation)
Consider the following dynamic Euler-Bernoulli problem:

92 92 92
ﬁﬁ-W((l—l—sinnx)a—;;):qﬁ(x,t), O<x<l1, t>0, (49

with the exact solution v(x, ) = x(1 — x)e 't?sin4xx and the forcing function
¢ (x,t) is dictated by the exact solution. Applying the present scheme (32a)-(32b),
we report and compare absolute errors in the computed solution at the point x = 0.5
for different times in Table 1 using N = 50, 100, 200 and time stepsize 7 = 0.1 and
0.01 with the sextic B-spline collocation method proposed in [21]. It can be observed
from Table 1 that the numerical errors in the solution by the present method are less
than the available methods. Figure 1 displays surface plots of the numerical and exact
solutions from ¢ = 0 to 4.
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Example 2 [5-7, 10, 14, 28, 29] (Solitary wave propagation)
In this experiment, we consider the good Boussinesq (5) on the interval [x,, x5] =
[—100, 140]. Its well-known soliton solution as obtained by Manoranjan et al. [18] is

v(x, 1) =—A sech? \/g(x —ct +x0) — (b + %) (50)

where A is amplitude of the pulse, c = £ [—2 (b + %)]1/2 is the velocity of the
solitary wave, x© is the initial position of the pulse and b is an arbitrary parameter.
The exact solution (50) represents a solitary wave progressing to the right (to the left)
if the velocity c is positive (negative). The initial conditions can be procured from the
exact solution. The boundary constraints are obtained graphically by the nature of the
exact propagating wave solution as the time evolves. The analytical solution die away
along the boundaries of the physical domain. Consequently, the boundary conditions
are

v(xg,t) =0, v(xp,t) =0, t>0,

9 9
Pt =0, ey )=0, 0.
0x 0x

For comparison with the existing methods, we select the parameters A, b and x° as
in [10, 14], i.e. A = 0.369, b = —0.5 and x* = 0. Table 2 presents comparison
of L, and L> error norms using the derived method with 4 = 0.1, t = 0.01 with
those in [10, 14]. Furthermore, we solve Eq. (5) at several time-levels using different
space and time steps and compare with the existing numerical methods in Table 3.
As depicted by the tables, the numerical results using the present method are more
accurate than those derived in earlier studies [5, 7, 10, 14, 28, 29] even for longer
time periods. The comparisons with respect to the energy-preserving methods just
look at the solution error of the solution at different times since the preservation/non-

Numerical Solution Exact Solution
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(a) Numerical Solution (b) Exact Solution

Fig. 1 The surface plot of numerical and exact solutions from r = 0 to 4 with N = 50 and t = 0.1,
Example 1
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Table3 Solitary wave motion. A comparison of L« errors for the proposed method and available methods
[5-7, 10, 14, 28, 29], Example 2 at different times for various values of 4 and ©

Method h T t Lo
Method h T t Lo
Proposed method 0.5 0.01 30 4.0200e—005
0.5 0.01 36 5.3765e—005
0.5 0.01 60 1.2576e—004
0.5 0.01 72 1.7259e—004
0.1 0.01 30 3.8776e—009
0.1 0.01 36 5.4712e—009
0.1 0.01 60 9.5739e—009
0.1 0.01 72 1.1479e—008
0.5 0.01 80 2.2766e—004
0.1 0.01 80 1.3088e—008
Nonlinear method [14] 0.1 0.001 72 9.7000e—008
Galerkin method [28] 0.5 0.002 30 3.274e—006
0.1 0.002 30 2.4854e—005
0.5 0.002 60 5.033e—006
0.1 0.002 60 4.2511e—005
0.1 0.001 72 8.814e—006
Linearized scheme [14] 0.1 0.001 72 9.7500e—004
Energy preserving scheme [7] 0.05 0.001 36 5.9926e—005
0.05 0.001 72 9.0146e—005
Multiquadric method [29] 0.5 0.0002 72 2.205e—005
Second-order P-C scheme [5] 0.1 0.001 72 3.7799e—004
0.05 0.001 72 1.0687e—004
Meshless method [10] - - 30 2.8141e—002
36 4.7325e—003
60 5.6516e—003
72 4.8863e—004

preservation of the invariants of motions is beyond the scope of the manuscript. The
2D plot of approximate solution versus exact solution is presented in Fig. 2 at different
times with 2z = 0.1 and T = 0.01. It is depicted that the shape of the solitary wave is
retained extremely well at each time-level.

Example 3 [1, 5, 7, 10, 14, 29] (Interaction of two solitary waves)
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04 T T T
— =0 Exact
0.351 ¢ t=0 Numerical ]
t=30 Exact
03¢ v  t=30 Numerical b
t=60 Exact
0.25 + *  1=60 Numerical ;
g t=90 Exact
c_:; 02k O t=90 Numerical i
>
>
0.15
0.1
0.05
0
-100 -50 0 50 100

x values

Fig. 2 Comparison between numerical and exact solution at different times with # = 0.1, = = 0.01,
Example 2

Consider the Boussinesq (5) with the following exact solution:

2

[A; 1
v(x,t)z—z A; sech? é(x—c,-t—i—x?) —}-bi+E (51)

i=1

112 - . .
where ¢; = £ | -2 (b; + % ; i = 1, 2 are the velocities of the ith solitary, A;,
i = 1, 2 are the corresponding amplitudes of the pulse and b;, i = 1, 2 are arbitrary
parameters. The exact solution (51) exhibits two solitary waves positioned initially at

x",i = 1,2 and progressing to the right or left depending on the sign of the velocity

i’

Tablf-:- 4 Error norms LOQ of Method i
obtained numerical solution of

double-soliton case, Example 3 pregent method (322)-32b) 0.5 0.1  5.5852e—003
(i) for A1 = 0.369, Ay = 0.369,

2020, x0 =50at1 = 10 05 001  5.7832e—003

025 0.1  5.6195¢—003

025 001  5.7955¢—003

Method [10] - - 2.1016e—002

T Loo
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04 Numerical Vs Exact Solution at t=10
—-%-— Numerical Solution

ﬁ — — — Exact Solution )
|

035

025

10)

02

-v(x,t

-80 -60 -40 -20 0 20 40 60 80 100 120
X

Fig.3 Plot of numerical and exact solutions at = 10, Example 3 (i), case of equal amplitudes A} = Ay =
0.369

ci, i = 1,2. We investigate the double-soliton solution by examining following two
cases:

(1) Simulations are carried out for —80 < x < 120 and 0 < ¢ < 10 to find
approximate solution of two waves with equal amplitudes A} = Ay = 0.369
located initially at x? = 0 and xg = 50 and traveling towards each other with
velocities —c; = ¢ = 0.868 for by = by, = —0.5 with different values of & and
7. The L errors between the exact solution and approximate solution obtained
by the known studied methods and the present method are recorded in Table 4.

Tablg 5 Error nprms Lo(? of Method h . Lo
obtained numerical solution for
double-soliton case, Example 3 present method (322)-(32b) 0.5 0.1 2.9015e—004

(i) for A} = 0.2, Ay = 0.4,

20 =0, 20 =50ats = 10 0.5 001  4.1856e—005

0.25 0.1 2.9792e—004
0.25 0.01 4.8714e—005
0.1 0.01 6.9307e—008
Method [10] - - 1.4563e—002
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Numerical Vs Exact Solution at t=10

T T T T T T T
—->-— Numerical Solution
— — — Exact Solution

0.4 T

avab

035

025

-10)

K

e X _)(_)(—-)(—)6 MK

-v(x,t

*)&X"X'—X—' S =N K K X
XK *)@(9{_ NAVIV)

PRI K — e M s

-80 -60 -40 -20 0 20 40 60 80 100 120
X

Fig.4 Comparison between numerical and exact solution at# = 10, Example 3 (ii) with different amplitudes
A1 =02,A, =04

In Fig. 3, two-dimensional plots of numerical and exact solution are depicted at
t =10.

(i) Computations are done for —80 < x < 12 and from time 0 < ¢ < 10 with
different space and time steps for two waves having different amplitudes A| =
0.2, A, = 0.4 traveling towards each other with velocities ¢; = —0.9309,
¢ = 0.8563 positioned initially at x) = 0 and x) = 50 for by = by =
—0.5. Comparison of the obtained numerical results using the proposed method

Table 6 Error norms Lo of obtained numerical solution of double-soliton case, Example 3 (ii) for A} =
0.2, A, =04, x? = =20, )c(zJ = 20 at various times

t Present method (32a)—(32b) Method [1]
h=0.1, 7 =0.01 h =0.05, 7 =0.01

0.5 1.1663e—010 3.0638e—012 5.7911e—009

2.0 1.0668e—010 3.3609e—012 1.2203e—007

5.0 1.8669¢—009 7.6461e—012 1.5596e—006

10 1.5346e—005 5.4495e—011 -

15 1.1107e—003 - 1.1558e—003
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with the existing method[10] is presented in Table 5. Figure4 represents the
two-dimensional plot of numerical solution versus exact solution at ¢t = 10.
Furthermore, we examine the double-soliton solutions with A; = 0.2, A, = 0.4
positioned initially atx? = —20and xg = 20forb; = by = —0.5 and compared
our results with [1] for x € [—80, 100] and 0 < ¢ < 15 with space step & = 0.1,
0.05; time step t = 0.01 in Table 6. The numerical results reveal that our
compact scheme performs better than the method proposed in [1].

Example 4 [25] Let us examine the following parabolic equation of fourth order:

%+%:¢(x,t),0<x<l,t>0 52)

with the initial conditions (2.1)-(2.2) and boundary conditions of the kind (3.1)-(3.2)
whose exact solution is

vix, 1) = [x(1 —x)]"/? e,

-12 T T T T T T T
— -13 i /’z i
5 s
o -14 e -
) s .
5 15 B ¢/’/ < - i
o~ s,
17 s
o) /'/ e -
< '16 B /'0/ - 7
5 A
>E_< A7+ e -9 —t=4| |
© .7
. 7
=3 -18 1 e ]
(o) o 7
o o7
- 19 _0,/ . s |
0 7
_20 1 1 1 1 1 1 1
-4.2 -4 -3.8 -3.6 -3.4 -3.2 -3 -2.8 -2.6
Log(h)

Fig.5 Error plots for Example 4 att = 3 and t = 4 with A = 1.6
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and

e V1 (60(x — 1)*x* — 807 (x — 1)*x* + 12 (105 — 3360x + 16800x>
—26880x° + 13456x* — 64x° + 96x° — 64x7 + 16x8))

16/x (1 —x)

¢(x. 1) =

At points x = 0 and x = 1, the function ¢ (x, ¢) has algebraic singularities. We
compute the solution at r = 3,4 with N + 1 = 16,32, 64 for A = 1.6 using the
proposed difference scheme (32a)-(32b) and present L, errors in solution in Fig.5.
Corresponding to each spatial step length /2, we have taken the time step as t o< 12
so that the proposed method has order of convergence O (h*), i.e., it is fourth-order
accurate in space. It is evident from Fig.5 that the graph has almost constant slope
around four.

5 Conclusions

The current study proposes a high-order compact numerical scheme based on half-
step discretization for the general form of parabolic PDEs of fourth order with the
Dirichlet and Neumann boundary conditions. The derived scheme exhibits fourth-
order convergence in space and has second-order accuracy in time. We do not need
any special approach/alteration for computing the solution in the proximity of the
singular point unlike the method discussed in [16] wherein a special handling was
needed leading to tedious calculations. By the use of half-step nodes, the proposed
scheme is able to avoid the singularity and hence is directly applicable to parabolic
problems of fourth order with singularities as illustrated by Example 4. We have
analyzed the stability of the derived method for a model linear problem. Furthermore,
the first-order spatial derivative is obtained together with the solution, and hence, it
does not have to be approximated by the estimated value of the solution. The obtained
numerical results exhibit reasonably small error norms L, and L, as compared to
the methods derived in previous studies for several benchmark physical problems.
Extensive numerical tests are presented to validate the theoretical findings and to
illustrate rich dynamics of the good Boussinesq equation by investigating the motion
of a solitary wave and interaction of two solitary waves. The present method can
also be applied for solving a wide class of diverse fourth order evolution equations
in applied sciences and engineering. Future investigation will be conducted to extend
the present approach to higher dimensional problems.
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