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ABSTRACT
We propose a two-level implicit high order compact scheme for
the one-dimensional unsteady biharmonic problem of first kind. The
values of φ and φx are prescribed on the boundary. Using a com-
bination of values of φ and φx at each grid point, the difference
formula is derived for the unsteady biharmonic equation without
discretizing the boundary conditions. The proposedmethod has sec-
ond order time accuracy and fourth order space accuracy using just
three grid points of a single compact stencil at every time level. The
first order space derivative is also computed with same accuracy as
a by-product of the method. Using the Von-Neumann analysis, the
derived scheme is shown to be unconditionally stable. With a slight
modification, the proposed method is applicable to solve singular
problems. The performance of the proposed scheme is illustrated by
numerical experiments done on a collection of test problems having
physical significance including the nonlinear Kuramoto–Sivashinsky
equation.
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1. Introduction

In this work, we propose and implement a high order compact difference scheme to solve
the following fourth order time-dependent partial differential equation (PDE):

∂4φ

∂x4
= f (x, t,φ,φt ,φx,φxx,φxxx), (x, t) ∈ � (1)

subject to the initial condition

φ(x, 0) = φ0(x), a ≤ x ≤ b, (2)

along with Dirichlet and Neumann boundary conditions of the type:

φ(a, t) = g0(t), φ(b, t) = g1(t), t > 0, (3a)
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∂φ

∂x
(a, t) = h0(t),

∂φ

∂x
(b, t) = h1(t), t > 0, (3b)

where � ≡ {(x, t)| a < x < b, t > 0} and f, φ0, g0, g1, h0, h1 are functions of sufficient
smoothness. It is assumed that the solution φ(x, t) is smooth enough for maintaining the
order and accuracy of the difference scheme under discussion. The PDE (1) along with the
initial condition (2) and boundary conditions (3a)–(3b) are referred to as the 1D unsteady
biharmonic problem of first kind. Equation (1) occurs in a wide class of problems in math-
ematical physics and engineering such as pattern formation, movement of a fluid going
down a vertical wall, a spatially uniform oscillating chemical reaction in a homogeneous
medium and unstable drift waves in plasmas, etc. (see [3,10,13,25]).

Of particular interest in this work is the generalized Kuraomoto–Sivashinsky (GKS)
equation which is amodel of nonlinear PDE often arising in the study of continuousmedia
that exhibits a chaotic behaviour form:

∂φ

∂t
+ φ

∂φ

∂x
+ α

∂2φ

∂x2
+ β

∂3φ

∂x3
+ γ

∂4φ

∂x4
= 0, (x, t) ∈ �, (4)

where α,β and γ are real constants. Initially, Kuramoto and Tsuzuki [13] derived it in
the mid-1970s for studying the dissipative structure of reaction-diffusion and then it was
derived independently by Sivashinsky as a model for analysing flame front propagation
during mild combustion processes and instabilities induced by thermal conduction of
the considered gas [24]. The GKS equation also known as the KdV-Burgers-Kuramoto
equation is significant in explaining various physical processes in unstable systems [25]
and in the study of stress waves arising in porous media [23].

For β = 0, Equation (4) is referred as the Kuramoto–Sivashinsky (KS) equation:

∂φ

∂t
+ φ

∂φ

∂x
+ α

∂2φ

∂x2
+ γ

∂4φ

∂x4
= 0, (x, t) ∈ � (5)

which is a fundamental fourth order PDE modelling various nonlinear physical phe-
nomenon in unstable systems containing both second order and fourth order spatial
derivatives in its linear part. Here, the constants α and γ are associated with the growth
of linear stability and surface tension, respectively. The KS equation arises in a wide range
of physical processes such as in representing long waves on the interface involving two
viscous fluids [10], in flame propagation [24], in reaction-diffusion combustion dynam-
ics and in the study of unstable drift waves in plasmas [13]. The KS equation comprises
of high order dissipation term ∂4φ/∂x4, nonlinear advection φ(∂φ/∂x) and linear growth
term ∂2φ/∂x2. When γ = 0, the surface tension term is eliminated and the KS equation
reduces to Burger’s equation.

Due to the vast application of the GKS equation, considerable attention has been given
to determine its analytical and numerical solutions. But the analytical treatment of this
nonlinear differential equation is too involved a process so it is essential to develop effi-
cient numerical methods whose solutions are important for scientists and engineers. In
recent years, various techniques have been developed for the numerical solution of the
GKS equation including finite difference methods [1,2], the tanh-function method [7],
the local discontinuous Galerkin method [27], the Chebyshev spectral collocationmethod
[12], the radial basis function based on themesh freemethod [26], the quintic B-spline col-
location scheme [16], the lattice Boltzmann model [14], the numerical technique derived
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from finite difference and collocationmethods [15], the cubic Hermite collocationmethod
[8] and the high order compact difference method [21]. Recently, Rashidinia and Jokar
[22] proposed a numerical technique for the solution of the GKS equation based on the
Crank–Nicolsonmethod for temporal discretization together with the collocationmethod
using the polynomial scaling functions in the spatial direction. The KS equation has been
solved numerically by implementing a differential quadrature method with the quintic
B-spline functions by Mittal and Dahiya [17].

The fourth order semilinear PDE of the form:

∂φ

∂t
+ γ

∂4φ

∂x4
− ∂2φ

∂x2
+ φ3 − φ = 0, (x, t) ∈ �, (6)

where γ is a positive constant and is a particular model of the type (1)–(3). For γ =
0, Equation (6) reduces to the Fisher–Kolmogorov equation in the standard form [3].
However, by adding a stabilizing fourth order derivative term to the Fisher–Kolmogorov
equation, Dee and Van Saarlos [5] proposed the model expressed by Equation (6) and
termed it as the extended Fisher–Kolmogorov (EFK) equation. The EFK equation arises
in numerous applications ranging from travelling waves in reaction diffusion systems [3]
to phase transition near a Lifshitz point [28].Doss andNandini [6] proposed aH1-Galerkin
mixed finite element cubic spline approximation method for the EFK equation (6) by
means of a splitting technique. Danumjaya [4] studied finite element Galerkinmethods for
Equation (6) and discussed existence uniqueness results using the Lyapunov functional.

Among various finite difference methods, compact high order schemes which need
less information from neighbouring grid points are gradually gaining popularity due to
easy implementation and robustness of accuracy in the solution values. The advantage of
developing a compact scheme is its suitability to be used directly adjacent to the boundary
without introducing any ghost points to the computational domain. Compact high order
schemes achieve high order accuracy without a significant increase in the grid size. In con-
trast, high order difference schemes formulated with non-compact stencil result in higher
bandwidth of the coefficient matrix yielding more arithmetic operations which are not
computationally attractive. Mohanty et al. [18] presented a fourth order accurate compact
difference method for solving the two-dimensional nonlinear biharmonic equation with
Dirichlet andNeumannboundary conditions. Recently,Mohanty andKaur [19,20] derived
three-level and two-level compact implicit finite difference formulas on a non-uniformgrid
for two different classes of nonlinear fourth order parabolic PDEs in one-space variable for
which φ and φxx are known at the boundary.

Equations of type (1) of second kind, i.e. when φ and ∂2φ/∂n2 are prescribed at the
boundary are decomposable to coupled second order equations; however, such type of
reduction is not possible with first kind boundary conditions (3a)–(3b) so it is required
to develop a high order compact approximation to the normal derivative. In this paper,
we present the two-level implicit difference formula having second order time accu-
racy and fourth order space accuracy for the solution of nonlinear unsteady biharmonic
equation (1). The developed scheme employs just three grid points at every time level
resulting in compact formulation. Our technique includes discretizing the biharmonic
equation using not only the solution value φ but also the value of the first order space
derivative φx at all interior grid points without requiring any fictitious points for incorpo-
rating the boundary conditions. The given Dirichlet and Neumann boundary conditions
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are exactly satisfied without using any approximation for the derivative at the boundary.
The resulting formula yields a block tri-diagonal matrix system to determine the solutions
φ and φx at all grid points.

The remaining paper is organized as follows. In Section 2, we formulate and derive
two-level implicit difference formula for the fourth order time-dependent PDE (1). Fur-
thermore, using the von Neumann analysis, the proposed method is shown to be uncon-
ditionally stable for a linear equation in Section 3. In Section 4, we discuss the use of the
suggestedmethod for the one-space dimension unsteady biharmonic equation with singu-
lar coefficients, wherein themethod ismodified in such away that the order and accuracy of
the solution aremaintained everywhere in the vicinity of the singularity. In Section 5, com-
putational results are provided to demonstrate the practical implementation of the derived
method. Computational results reveal that the present method offers better accuracy in
comparison with the other existing work in the literature. Finally, concluding remarks are
presented in Section 6.

2. Compact finite difference scheme

We consider an auxiliary variable ψ(x, t) = φx(x, t), so the PDE (1) can be written in a
coupled manner as

∂φ

∂x
= ψ(x, t), a < x < b, (7a)

∂4φ

∂x4
= f (x, t,φ,φt ,ψ ,φxx,ψxx), (x, t) ∈ � (7b)

subject to initial and boundary conditions

φ(x, 0) = φ0(x), ψ(x, 0) = φ′
0(x), a ≤ x ≤ b, (8a)

φ(a, t) = g0(t), φ(b, t) = g1(t), ψ(a, t) = h0(t), ψ(b, t) = h1(t), t > 0. (8b)

Let N be a positive integer, h = (b − a)/(N + 1) > 0 and k>0 denote the spatial and
temporal step sizes, respectively. Define xl = a + lh, l = 0, 1, . . . ,N + 1 and tj = jk, j =
0, 1, . . ., then the solution domain � is covered by a set of grid points (xl, tj). Let λ =
(k/h2) > 0 be the mesh ratio parameter. Denote 
j

l, �
j
l to be the exact solution values

of φ(x, t), ψ(x, t) and φjl , ψ
j
l be their approximate solution values, respectively, at the grid

point (xl, tj).
In order to exemplify the general method employed for constructing the fourth order

difference formula for the PDE (1), we first consider the simplest form of the fourth order
ordinary differential equation:

d4φ
dx4

= f (x), a < x < b (9)

along with the boundary conditions (3a)–(3b). The Taylor series leads to the following
approximations:

h4
(
d4

dx4

)
l
= −12(
l−1 − 2
l +
l+1)+ 6h(�l+1 −�l−1)− h6

15

(
d6

dx6

)
l
+ O(h8),

(10a)
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h5
(
d5

dx5

)
l
= −90(
l+1 −
l−1)+ 30h(�l−1 + 4�l +�l+1)+ O(h7), l = 1, . . . ,N

(10b)

Consider

h4(P0fl + hP1fxl + h2P2fxxl) = P0h4
(
d4

dx4

)
l
+ P1h5

(
d5

dx5

)
l
+ h6P2

(
d6

dx6

)
l

(11)

where fl = f (xl), etc. and P0, P1, P2 are the parameters to be determined suitably. Using the
approximation (10a) in (11), we obtain

h4(P0fl + hP1fxl + h2P2fxxl)

= P0 [−12(
l−1 − 2
l +
l+1)+ 6h(�l+1 −�l−1)] + P1h5
d5

dx5

+
(
P2 − P0

15

)
h6

(
d6

dx6

)
l
+ O(h8) (12)

Equating the coefficients of h5 and h6 to zero in (12), we get P1 = 0 and P0 = 15P2. Let
P0 = 15 and P2 = 1. Using these values of the parameters and the following approximation
in (12),

fxxl = fl−1 − 2fl + fl+1

h2
+ O(h2), (13)

we obtain the following fourth order approximation for φ:

− 2(
l−1 − 2
l +
l+1)+ h(�l+1 −�l−1) = h4

90
[fl−1 + 13fl + fl+1] + O(h8),

l = 1, . . . ,N (14)

To obtain fourth order approximation for ∂φ/∂x, we consider

h4(R0fl + hR1fxl + h2R2fxxl) = R0h4
(
d4

dx4

)
l
+ R1h5

(
d5

dx5

)
l
+ h6R2

(
d6

dx6

)
l

(15)

whereR0,R1 andR2 are the parameters to be found. Using the approximation (10b) in (15),
we get

h4(R0fl + hR1fxl + h2R2fxxl)

= R0h4
(
d4

dx4

)
l
+ R1[−90(
l+1 −
l−1)+ 30h(�l−1 + 4�l +�l+1)]

+ R2h6
(
d6

dx6

)
l
+ O(h7) (16)

Equating the coefficients of h4 and h6 to zero in (16), we get R0 = 0, R2 = 0. Since R1 �= 0,
we choose R1 = 1.
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Using the approximation

fxl = fl+1 − fl−1

2h
+ O(h2) (17)

in (16), the following discretization for approximating the derivative ∂φ/∂x = ψ with
O(h4) accuracy is obtained as

− 3(
l+1 −
l−1)+ h(�l−1 + 4�l +�l+1) = h4

60
[fl+1 − fl−1] + O(h7), l = 1, . . . ,N

(18)
The fundamental schemes (14) and (18) are used to attain the high order difference approx-
imations to the equations (7a)–(7b)which involve both spatial and temporal variables. This
is achieved by defining high order approximations to φ, ψ , φt , φxx, ψxx at each grid point.
Using these approximations and following the general schemes (14) and (18) adopted for
the ordinary differential equation (9), we derive new difference formula for the PDE (1).

Let

tj = tj + τk, 0 < τ < 1

For r = 0,±1, we denote



j
l+r = τ


j+1
l+r + (1 − τ)


j
l+r, (19a)

�
j
l+r = τ�

j+1
l+r + (1 − τ)�

j
l+r, (19b)



j
tl+r

= (

j+1
l+r −


j
l+r)/k, (19c)



j
xxl = (�

j
l+1 −�

j
l−1)/(2h), (19d)

�
j
xxl = (�

j
l+1 − 2� j

l +�
j
l−1)/h

2. (19e)

Using these approximations, we define

Fjl = f (xl, tj,

j
l,


j
tl ,�

j
l,


j
xxl ,�

j
xxl)

= Fjl + kT0 + O(k2 + h2) (20)

where

Fjl = f (xl, tj,

j
l,


j
tl ,�

j
l ,


j
xxl ,�

j
xxl),

T0 = τ

[(
∂f
∂t

)j
l
+
01

(
∂f
∂φ

)j
l
+
11

(
∂f
∂ψ

)j
l
+
21

(
∂f
∂φxx

)j
l
+
31

(
∂f
∂ψxx

)j
l

]
+ φ02

2

(
∂f
∂φt

)j
l

Further, define the approximations for φxx and ψxx at the neighbouring points (xl±1, tj) as



j
xxl±1

= 1
2h

[
±� j

l∓1 ∓ 4� j
l ± 3� j

l±1

]

= 

j
xxl±1 + τk
21 + O(k2 + h2), (21a)

�
j
xxl±1

= ∓ 1
2h3

[
21
j

l∓1 − 48� j
l + 27
j

l±1

]
+ 1

2h2
[
15� j

l±1 − 9� j
l∓1

]

= �
j
xxl±1 + τk
31 + O(k2 + h2). (21b)
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The functional approximations at (xl±1, tj) are defined as

Fjl±1 = f (xl±1, tj,

j
l±1,


j
tl±1

,� j
l±1,


j
xxl±1

,� j
xxl±1

)

= Fjl±1 + kT0 + O(±hk + k2 + h2) (22)

For deriving the high order method, we require an O(k2 + kh2 + h4) approximation for



j
xxl . Suppose

h2

j
xxl = [a1


j
l−1 + a2


j
l + a3


j
l+1] + h[b1�

j
l−1 + b2�

j
l + b3�

j
l+1] (23)

where a1, a2, a3, b1, b2 and b3 are free parameters to be determined. Expanding each term
on the right-hand side of (23) in Taylor series about (xl, tj) and equating the coefficients up
to h5 to zero, we obtain

(a1, a2, a3, b1, b2, b3) =
(
2,−4, 2,

1
2
, 0,−1

2

)

Thus, we obtain the approximation



j
xxl = 2

h2
[
j

l−1 − 2
j
l +


j
l+1] − 1

2h
[� j

l+1 −�
j
l−1]

= 

j
xxl + τk
21 + O(k2 + kh2 + h4) (24)

Similarly, we have

�
j
xxl = 15

2h3
[
j

l+1 −

j
l−1] − 3

2h2
[� j

l−1 + 8� j
l +�

j
l+1]

= �
j
xxl + τk
31 + O(k2 + kh2 + h4) (25)

Further, an O(k2 + kh2 + h4) approximation for
j
xxl+1 is required. For this, let

h2

j
xxl+1

= [c1

j
l−1 + c2


j
l + c3


j
l+1] + h[d1�

j
l−1 + d2�

j
l + d3�

j
l+1] (26)

Using the Taylor series expansion about (xl, tj) and equating the coefficients up to h5 to
zero, we obtain (c1, c2, c3, d1, d2, d3) = (− 5

2 , 8,− 11
2 ,−1, 0, 4). Thus, we obtain the approx-

imation



j
xxl±1

= − 1
2h2

[5
j
l∓1 − 16
j

l + 11
j
l±1] ± 1

h
[4� j

l±1 −�
j
l∓1]

= 

j
xxl±1 + τk
21 + O(±hk + k2 + kh2 + h4) (27)

Similarly,

�
j
xxl+1

= ∓ 1
2h3

[−51
j
l∓1 − 48
j

l + 99
j
l±1] + 1

2h2
[15� j

l∓1 + 96� j
l + 39� j

l±1]

= �
j
xxl±1 + τk
31 + O(±hk + k2 + kh2 + h4) (28)
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Now, we define

F
j
l = f (xl, tj,


j
l,


j
tl ,�

j
l,


j
xxl ,�

j
xxl), (29a)

F
j
l±1 = f (xl±1, tj,


j
l±1,


j
tl±1

,� j
l±1,


j
xxl±1

,�
j
xxl±1

) (29b)

Then anO(k2 + kh2 + h4) finite differencemethod for the differential equation (1) is given
by

− 2(
j
l−1 − 2
j

l +

j
l+1)+ h(� j

l+1 −�
j
l−1) = h4

90
[F

j
l−1 + 13F

j
l + F

j
l+1] + Tj

l
(1)
,

l = 1, . . . ,N, j = 0, 1, . . . (30)

and the corresponding approximation for ∂φ/∂x can be written as

− 3(
j
l+1 −


j
l−1)+ h(� j

l+1 + 4� j
l +�

j
l+1) = h4

60
[Fjl+1 − Fjl−1] + Tj

l
(2)
,

l = 1, . . . ,N, j = 0, 1, . . . (31)

With the help of approximations (24)–(28), from Equations (29a)–(29b), we obtain

F
j
l = Fjl + kT0 + O(k2 + kh2 + h4) (32a)

F
j
l±1 = Fjl±1 + kT0 + O(±hk + k2 + kh2 + h4) (32b)

From Equations (32a)–(32b), we have

F
j
l−1 + 13F

j
l + F

j
l+1 = 15Fjl + h2

(
∂2f
∂x2

)j
l
+ 15kT0 + O(k2 + kh2 + h4) (33)

With the help of relation (33) and the approximations (19a)–(19b), the local truncation

error Tj
l
(1)

associated with the difference formula (30) is obtained as

Tj
l
(1) = −kh4

6

(
τ − 1

2

)

02

(
∂f
∂φt

)j
l
+ O(k2h4 + kh6 + h8) (34)

For the proposed difference scheme (30) to be of O(k2 + kh2 + h4), the coefficient of kh4
in (34) must be zero. Consequently, we obtain τ = 1/2 and the local truncation error

associated with (30) becomes Tj
l
(1) = O(k2h4 + kh6 + h8).

Similarly, it is seen thatTj
l
(2) = O(k2h3 + kh5 + h7) and thus the difference scheme (31)

is an O(k2 + kh2 + h4) approximation for the derivative ∂φ/∂x = ψ .
The matrices represented by the difference formulas (30)–(31) are block tri-diagonal

for which we have used block iterative methods (see [9,11]). It is noted that the difference
method (30)–(31) has fourth order accuracy in space for a fixed value of the mesh ratio
parameter λ = k/h2.
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3. Stability consideration

We discuss the stability of the derived scheme using the vonNeumann stability analysis for
the following 1D unsteady biharmonic problem:

∂4φ

∂x4
= −∂φ

∂t
+ f (x, t), 0 < x < 1, t > 0 (35)

The proposed difference method (30)–(31) applied to Equation (35) can be written as

(φ
j+1
l−1 + 13φj+1

l + φ
j+1
l+1)− 90 p(φj+1

l−1 − 2φj+1
l + φ

j+1
l+1)+ 45 ph(ψ j+1

l+1 − ψ
j+1
l−1 )

= (φ
j
l−1 + 13φjl + φ

j
l+1)+ 90 p(φjl−1 − 2φjl + φ

j
l+1)− 45 ph(ψ j

l+1 − ψ
j
l−1)+
f

(36a)

(1 − 90 p)(φj+1
l+1 − φ

j+1
l−1)+ 30 ph(ψ j+1

l−1 + 4ψ j+1
l + ψ

j+1
l+1 )

= (1 + 90 p)(φjl+1 − φ
j
l−1)− 30 ph(ψ j

l−1 + 4ψ j
l + ψ

j
l+1)+
f1,

l = 1, . . . ,N, j = 0, 1, . . . (36b)

where p = k/h4,
f = k[f
j
l−1 + 13f

j
l + f

j
l+1] and
f1 = k[f

j
l+1 − f

j
l−1].

To apply the von Neumann method, we assume that the solutions are given by

φ
j
l = ξ jeiβl,

ψ
j
l = ηjeiβl,

for i = √−1, ξ , η being the amplification factors and β being the phase angle. Using these
in the homogenous part of the scheme (36a)–(36b) will lead us to the following system:

[
a b
c d

] [
ξ

η

]j+1
=

[
r −b
s −d

] [
ξ

η

]j
(37)

where

a = 15 − 4 sin2
β

2
+ 360 p sin2

β

2
, b = 180 ph sin

β

2
cos

β

2
i,

c = 4i(1 − 90 p) sin
β

2
cos

β

2
, d = 60 ph(3 − 2 sin2

β

2
),

r = 15 − 4 sin2
β

2
− 360 p sin2

β

2
, s = 4i(1 + 90 p) sin

β

2
cos

β

2
.

The system (37) can be written in a matrix-vector form as
[
ξ

η

]j+1
= H

[
ξ

η

]j
, (38)

where the amplification matrix is given by

H =
[
a b
c d

]−1 [
r −b
s −d

]

The von Neumann necessary condition for the stability of the system (38) is that the maxi-
mummodulus of the eigenvalues of the amplification matrixH are to be less than or equal
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to one. By direct calculation, the eigenvalues of the matrix H are given by

ρ1 = −1, ρ2 = rd − sb
ad − bc

Simplifying, we get

ρ2 = 45 − 30 sin2 β2 − 4 sin4 β2 − 360 p sin4 β2
45 − 30 sin2 β2 − 4 sin4 β2 + 360 p sin4 β2

Since min(45 − 30 sin2 β/2 − 4 sin4 β/2) = 11 > 0, for β ∈ [−π ,π], it is observed that
|ρ1|, |ρ2| ≤ 1 for all phase angles β . Thus, the derived scheme applied to the linear
equation (35) is unconditionally stable.

4. Application to the linear singular equation

Consider the following class of 1D unsteady biharmonic problem:

∇4φ + ∂φ

∂t
≡

(
∂2

∂r2
+ d(r)

∂

∂r

)2

φ + ∂φ

∂t
= g(r, t),

where (r, t) ∈ � ≡ {(r, t)| 0 < r < 1, t > 0}, or equivalently,
∂4φ

∂r4
= A(r)

∂3φ

∂r3
+ B(r)

∂2φ

∂r2
+ C(r)

∂φ

∂r
− ∂φ

∂t
+ g(r, t), (r, t) ∈ �, (39)

where

A(r) = −2d(r), B(r) = − (
2d′(r)+ d2(r)

)
, C(r) = − (

d′′(r)+ d(r)d′(r)
)
.

Replacing the variable x by r and applying the difference formula (30)–(31) to Equation
(39), we obtain numerical approximation of O(k2 + kh2 + h4) as

− 2(φ̄jl−1 − 2φ̄jl + φ̄
j
l+1)+ h(ψ̄ j

l+1 − ψ̄
j
l+1)

= h4

90

[
Al−1ψ̄

j
rrl−1

+ Bl−1φ̄
j
rrl−1

+ Cl−1ψ̄
j
l−1 − φ̄

j
tl−1

+ ḡjl−1

+ 13
(
Alψ̄

j
rrl + Blφ̄

j
rrl + Clψ̄

j
l − φ̄

j
tl + ḡjl

)
+ Al+1ψ̄

j
rrl+1

+Bl+1φ̄
j
rrl+1

+ Cl+1ψ̄
j
l+1 − φ̄

j
tl+1

+ ḡjl+1

]
(40a)

− 3(φ̄jl+1 − φ̄
j
l−1)+ h(ψ̄ j

l−1 + 4ψ̄ j
l + �̄

j
l+1)

= h4

60

[
Al+1ψ̄

j
rrl+1 + Bl+1φ̄

j
rrl+1 + Cl+1ψ̄

j
l+1 − φ̄

j
tl+1

+ ḡjl+1

−Al−1ψ̄
j
rrl−1 − Bl−1φ̄

j
rrl−1 − Cl−1ψ̄

j
l−1 + φ̄

j
tl−1

− ḡjl−1

]
,

l = 1, . . . ,N, j = 0, 1, . . . (40b)

If the coefficient d(r) includes the singular terms like 1/r, 1/r2, . . ., then the scheme
(40a)–(40b) fails to compute the solution at l=1. For instance, when d(r) = α/r, then
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∇2 ≡ ∂2/∂r2 + α/r∂/∂r represents the one-dimensional Laplacian operator in cylindrical
and spherical coordinates, for α = 1 and 2, respectively. Thus, in this case the one-space
dimensional unsteady biharmonic equation in cylindrical and spherical coordinates is
Equation (39) for

A(r) = −2α
r

, B(r) = α(2 − α)

r2
, C(r) = α(α − 2)

r3
.

Although the difference scheme (40a)–(40b) is of O(k2 + kh2 + h4) but in this case it
involve the terms Al−1, Bl−1, Cl−1, g

j
l−1, all of which contain the term 1/rl−1 giving rise to

singularity at l=1 since r0 = 0. It is for this reason that the proposedmethod is not directly
applicable to singular equations in the region 0< r<1, i.e. in the vicinity of singularity.We
overcome this shortcoming by using the following approximations:

Al±1 = A00 ± hA10 + h2

2
A20 + O(h3), (41a)

Bl±1 = B00 ± hB10 + h2

2
B20 + O(h3), (41b)

Cl±1 = C00 ± hC10 + h2

2
C20 + O(h3), (41c)

gjl±1 = gjl ± hgjxl +
h2

2
gjxxl + O(h3), (41d)

where gjl = g(xl, tj), g
j
xl = gx(xl, tj), etc.

Using the approximations (41a)–(41d) in the difference scheme (40a)–(40b) and
neglecting higher order terms, we obtain following modified difference approximations
in the operator compact form:

p
[−180 + h2

(
24A10 − 18B00 + 4h2B20

)]
δ2xφ

j
l

+ ph
2

[−45A00 + 75h2A20 + 6h2B10
]
(2μxδx)φ

j
l

+ ph2
[
45A00 − h2

(
75A20 + 6B10 + 15C00 + h2C20

)]
ψ

j
l

+ ph2

2
[−15A00 − h2 (27A20 + 6B10 + 2C00)

]
δ2xψ

j
l

+ ph
2

[
180 − h2

(
24A10 − 3B00 + 5h2B20 + 2h2C10

)]
(2μxδx)ψ

j
l

+
(
φ
j+1
l−1 + 13φj+1

l + φ
j+1
l+1

)

=
(
φ
j
l−1 + 13φjl + φ

j
l+1

)
+ k

[
15gjl + h2gjxxl

]
, (42a)

ph [24A00] δ2xφ
j
l + p

[−180 + 3h2A10
]
(2μxδx)φ

j
l + ph

[
360 − h2(6A10 + 2h2C10)

]
ψ

j
l
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ph
[
60 − h2(2B00 + 3A10)

]
δ2xψ

j
l + ph2

[−12A00 − h2(B10 + C00)
]

× (2μxδx)ψ
j
l + (2μxδx)φ

j+1
l

= k
[
2hgjxl

]
+ (2μxδx)φ

j
l , l = 1, . . . ,N, j = 0, 1, . . . (42b)

where p = k/h4, δxφl = φl+(1/2) − φl−(1/2) and μxφl = 1/2(φl+(1/2) + φl−(1/2)) denote
the central and average difference operators with respect to the x-direction, respectively.

It is noted that the difference method (42a)–(42b) is a two-level implicit method of
O(k2 + kh2 + h4) which does not include the term 1/rl−1, thus can be easily solved for
l = 1, . . . ,N in the region [0 < r < 1] × [t > 0]. The resulting system of tri-diagonal
matrices can be solved using block iterative methods (see Kelly [11]).

5. Numerical examples

In this section, the proposed difference scheme is tested on several problems of physical sig-
nificance to verify the theoretical findings. The initial and boundary conditions correspond
to the data from exact solution. At each interior grid point, the resulting matrix system has
two unknowns φ and ∂φ/∂x ≡ ψ which are solved using suitable block iterative methods.
We have solved the nonlinear equations by Newton’s nonlinear block Gauss-Seidel itera-
tion method (see Hageman and Young [9], Kelly [11]) while linear equations of these kind
have been solved using the block Gauss-Seidel iteration method. The initial vector (0, 0)
is used in all the cases and the iterations were stopped when the absolute error tolerance
|φ(k+1) − φ(k)| + |ψ(k+1) − ψ(k)| ≤ 2 × 10−10 was attained.

Example 1: [12,22] Consider the GKS equation (4) for α = γ = 1 and β = 12/
√
47. The

exact solution is given by

φ(x, t) = − 396.8
47

√
47

+ 15
47

√
47

[
3 tanh θ − 3 tanh2 θ + tanh3 θ

]
,

with θ = (1/2
√
47)x + 0.1t. The computational domain is taken as [−1, 1]. The L∞ errors

by applying the proposed method for h = 1/8 and same time step k=0.05 as taken in
[22] corresponding to different time levels are reported in Table 1 and compared with the
results proposed in [12,22]. It should be pointed out that with spatial step size h = 1/8, the
proposed method is more accurate than [12,22], where 9 collocating points were taken so
that the dimension of the arising system is 9 × 9 in [22] while for the best results in [12],
the dimension of the system is 11 × 11 at each level of time. Figure 1 shows the exact and
numerical solutions at t=1 for h = 1/8 and k=0.05.

Example 2: [12,22] We show an accuracy test for the GKS equation (4) with α = γ = 1
and β = 16/

√
73 on the interval [−1, 1]. The exact solution is given by

φ(x, t) = − 1005.8
73

√
73

+ 15
73

√
73

[
5 tanh θ − 4 tanh2 θ + tanh3 θ

]
,

with θ = (1/2
√
73)x + 0.1t. Table 2 gives the comparison between the L∞ errors in the

computed solution by the proposed method for h = 1/8 and k=0.05 at different values of
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Table 1. Comparison of L∞ errors with earlier schemes for h = 1/8 and k= 0.05 at different times,
Example 1

t Proposed method Method [22] Method [12]

0.2 1.1746e−011 2.41e−010 2.38e−007
0.4 1.0980e−011 2.38e−010 2.38e−007
0.6 1.3775e−011 6.36e−010 2.38e−007
0.8 1.8141e−011 1.05e−009 1.19e−007
1.0 2.2219e−011 5.95e−010 2.38e−007
3.0 9.6846e−011 3.01e−009 –
5.0 1.0378e−010 3.05e−009 –
10 3.7657e−011 6.88e−010 –

Figure 1. Plot of exact-numerical solution at t= 1 with k= 0.05 and h = 1/8, Example 1

Table 2. Comparison of L∞ errors with earlier schemes for h = 1/8 and k= 0.05 at different times,
Example 2.

t Proposed method Method [22] Method [12]

0.2 1.9195e−011 1.25e−009 2.38e−007
0.4 1.5246e−011 9.76e−010 1.19e−007
0.6 1.1641e−011 7.06e−010 1.19e−007
0.8 8.5720e−012 4.44e−010 2.38e−007
1.0 6.1005e−012 1.94e−010 2.38e−007
3.0 6.2855e−011 1.64e−009 –
5.0 7.7362e−011 2.08e−009 –
10 4.1989e−011 7.37e−010 –

timewith that given in [12,22]. The presentmethod uses only 9 grid points at each time step
while the accuracy is more high as compared with the existing methods [12,22]. Figure 2
provides the analytical solution and the computational simulation at t=5 for h = 1/8 and
k=0.05.

Example 3: [12,15] In the below example, theGKS equation (4) represented byα = γ = 1
and β = 4 has been considered. The exact solution is

φ(x, t) = 9 + 2c + 15 tanh θ − 15 tanh2 θ − 15 tanh3 θ
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Figure 2. Plot of exact-numerical solution at t= 5 with k= 0.05 and h = 1/8, Example 2

Table 3. Comparison of L∞ and L2 errors for c= 1 at t= 1 for different values of h and k, Example 3.

k Proposed Proposed Proposed Proposed
method Method [15] method Method [15] method Method [15] method Method[15]

h = 1/16 (J= 4) h = 1/16 (J= 4) h = 1/32 (J= 5) h = 1/32 (J= 5)
L∞ L∞ L2 L2 L∞ L∞ L2 L2

0.1 1.1333e−003 7.3e−003 5.9247e−004 6.5e−003 1.0080e−003 4.4e−003 5.2492e−004 3.7e−003
0.01 2.1124e−005 6.1e−003 1.2896e−005 5.7e−003 1.2077e−005 3.3e−005 6.5606e−006 2.6e−005
0.001 1.2057e−005 1.0e−004 8.0184e−006 8.4e−005 8.1647e−007 2.8e−006 5.3809e−007 1.5e−006

Table 4. Comparisonof L∞ errors forh = 1/32 and k= 0.05 at t= 1 for different values of cwith [12,15],
Example 3.

c Proposed method Method [15] Method [12]

0.1 1.2972e−005 7.7e−007 2.6e−004
0.01 8.5765e−007 1.8e−006 3.2e−005
0.001 9.4673e−007 1.6e−006 3.2e−005

with θ = −(1/2)x + c t. The computation domain is taken as [−1, 1]. The L∞ and L2
errors obtained by the proposed method for c=1 at time t=1 for different values of h
and k are compared with the results of [15] in Table 3. Also, the L∞ errors for different
values of c are presented in Table 4 at time t=1 for k=0.05, h = 1/32 and compared with
the methods proposed in [12,15]. Figure 3(a) compares the analytical solution against the
numerical approximation computed through the proposed method for c=1 at t=2 with
h = 1/16, k=0.01 and Figure 3(b) shows the exact-numerical solutions for c=0.001 at
t=1 with h = 1/32 and k=0.05.

Example 4: [15]We conduct an accuracy test for the KS equation (5) for α = 2 and γ = 1
on the interval [−1, 1]. The exact solution is given by

φ(x, t) = − 1
K

+ 60
19

K(−38γK2 + α) tanh θ + 120γK3 tanh3 θ
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Figure 3. Plots of exact-numerical solutions, Example 3. (a) c= 1, t= 2 with h = 1/16, k= 0.01 and (b)
c= 0.001, t= 1 with h = 1/32, k= 0.05.

with θ = Kx + t and K = (1/2)
√
11α/19γ . Table 5 gives the comparison of L∞ and L2

errors of the computed results with that given in [15] at time t=1 for different values of h
and k. The graph of exact-numerical solutions at t=1 with h = 1/16 and k=0.1 is plotted
in Figure 4.

Example 5: [15,16] Consider the KS equation (5) which represents the simplest nonlinear
PDE demonstrating chaotic behaviour over a finite spatial domainwith theGaussian initial
condition

φ(x, 0) = exp(−x2) (43)

and the boundary conditions

φ(a, t) = 0, φ(b, t) = 0,
∂φ

∂x
(a, t) = 0,

∂φ

∂x
(b, t) = 0 (44)

The computational domain is taken as [a, b] = [−30, 30] with k=0.01 and number of
partitions as 100. In Figure 5(a,b), the computed results are displayed showing complete
chaotic behaviour at t=5 and t=20, respectively. We can observe that the results present

Table 5. Comparison of L∞ and L2 errors at t= 1 for different values of h and k, Example 4.

k Proposed Proposed Proposed Proposed
method Method [15] method Method [15] Method Method [15] method Method [15]

h = 1/16 (J= 4) h = 1/16 (J= 4) h = 1/32 (J= 5) h = 1/32 (J= 5)
L∞ L∞ L2 L2 L∞ L∞ L2 L2

0.1 1.1658e−004 1.3e−003 7.4861e−005 1.2e−003 2.0355e−004 1.7e−003 1.2777e−004 1.5e−003
0.01 1.4081e−005 4.2e−004 9.5622e−006 3.7e−004 2.7840e−006 9.0e−005 1.6379e−006 8.0e−005
0.001 9.2622e−006 9.7e−005 1.4869e−005 9.1e−005 3.0516e−006 6.2e−006 1.8069e−006 5.5e−006
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Figure 4. Plot of exact-numerical solution at t= 1 with k= 0.1 and h = 1/16, Example 4.

Figure 5. The chaotic solution of the KS equation (5) for α = 2 and γ = 1with the Gaussian initial con-
dition (43) at t= 5 and t= 20, Example 5. (a) Numerical solution at t= 5 and (b) Numerical solution at
t= 20.

the same characteristics as in [16] and are numerically convergent for the chaotic behaviour
too.

Example 6: Consider the linear singular equation (39) for d(r) = α/r, α = 1, 2 with the
exact solution φ(r, t) = e−tr4 sin r. We employ the difference scheme (42a)–(42b) to com-
pute the solution and display the L∞ errors in φ and ∂φ/∂r vs.N with 9 to 33 nodal points
for λ = 1.6 in Figure 6 for α = 1, 2 at t=1 illustrating fourth order accurate results for a
fixed value of mesh ratio parameter.
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Figure 6. L∞ errors versus N with λ = 1.6 at t= 1 for α = 1, 2, Example 6.

Table 6. L∞ errors at t= 1 for different values of γ with λ = (k/h2) = 1.6, Example 7.

h L∞ Order L∞ Order L∞ Order
γ = 0.1 γ = 0.1 γ = 0.01 γ = 0.01 γ = 0.001 γ = 0.001

1/8 φ 1.7646e−005 – 3.0730e−005 – 4.5315e−005 –
φx 4.8192e−005 – 6.9878e−005 – 6.4717e−005 –

1/16 φ 1.1527e−006 3.9363 2.0130e−006 3.9322 2.7491e−006 4.0430
φx 3.4162e−006 3.8183 5.7280e−006 3.6087 4.0259e−006 4.0068

1/32 φ 7.1483e−008 4.0113 1.2713e−007 3.9850 1.6854e−007 4.0278
φx 2.1865e−007 3.9657 3.8537e−007 3.8937 2.5184e−007 3.9987

Example 7: Consider the following non-homogenous EFK equation:

∂φ

∂t
+ γ

∂4φ

∂x4
− ∂2φ

∂x2
+ f (φ) = g(x, t), 0 < x < 1, t > 0 (45)

where f (φ) = φ3 − φ. Here,

g(x, t) = (
γπ4 + π2 + e−2t sin2(πx)− 2

)
e−t sin(πx).

The exact solution of the above equation is φ(x, t) = e−t sin(πx). The L∞ errors and order
of convergence using the proposed method are tabulated in Table 6 at t=1 for various
values of γ for h = 1/8, 1/16, 1/32 and λ = 1.6. For every spatial mesh length h, the cor-
responding time step is selected as k ∝ h2. With this choice of time step, the proposed
method has accuracy of fourth order in space as illustrated in Table 6.

6. Concluding remarks

The conventional approach of splitting the fourth order PDE into coupled second order
equations is not possible with φ and ∂φ/∂x prescribed at the boundary and hence deriving
compact finite difference schemes is difficult in this case. Using a combination of values
of the solution φ(x, t) and its first order space derivative ∂φ/∂x, we develop a high order
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two-level implicit difference formula for the unsteady biharmonic equation in the one-
space variable with Dirichlet and Neumann boundary conditions. The present approach is
advantageous since it is defined on a three-point compact stencil and no fictitious points
outside the solution domain are needed to handle the boundary conditions. The value of
∂φ/∂x is already calculated and available at all grid points and it is not required to be fur-
ther approximated from the calculated values of the solution. We examine the stability of
the proposed scheme using the von Neumann method and it is shown to be uncondition-
ally stable for a model linear problem. The proposed numerical method is also applicable
to the class of linear singular problems by incorporating suitable approximations and pro-
duces stable solutions even in the vicinity of the singularity. The employed method works
well for a large class of linear and nonlinear problems including the more complex fourth
order equations like the GKS equation and EFK equation. A comparative study is done
with results available in the literature and it is found that the current approach produces
more accurate results in comparison with those already proposed in [12,15,22] using less
grid points at each level of time. The presented method is relatively straightforward and
without using any transformation or the linearization technique it gives considerably accu-
rate solutions with sparser grid points and fewer time steps, thus reducing the complexity
and computational cost. The calculated results show that themethod provides fourth order
convergent results for a fixedmesh ratio parameterλ for the EFK equation.We are presently
working to extend this approach to the two-dimensional case to solve higher dimensional
time-dependent problems occurring in several fields of science and engineering.
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