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In this paper, we propose a new implicit high order two-level finite difference method of
O0(k? + kh; + hf) for the solution of special type of 1D fourth-order non-linear parabolic par-
tial differential equation of the form Uy — 2Uyx + Use = f(X, t, U, Uy, Ugy — U, Uygy — Uy), 0 <
X < b, t >0 and a new three-level finite difference method of O(k? + h13) for the solution of
another type of 1D fourth-order non-linear parabolic partial differential equation of the form
A(X, t, U, Uyx ) Uxxxx + Use = 8(X, £, U, U, Uy, Uxx, Uxxx), @ < X < b, t > 0, both on a variable mesh,
subject to suitable initial and Dirichlet boundary conditions, where k > 0 and h; > 0 are the
mesh sizes in time and space coordinates, respectively. The third order variable mesh meth-
ods proposed are based on only three spatial grid points x,x;. 1, meaning that no fictitious
points are required for incorporating the boundary conditions. We discuss how our formula-
tion is able to handle linear singular problem. The proposed two-level finite difference method
is shown to be unconditionally stable for a model linear problem. We applied the proposed
methods to find the numerical solution of more complex fourth-order non-linear equations
like second-order Benjamin-Ono equation and the good Boussinesq equation. It is evident
from the numerical experiments that the numerical results agree well with the exact solu-
tions, hence demonstrating the efficiency of the methods derived.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Fourth-order partial differential equations (PDEs) model various physical phenomenon and dynamic processes in physics, en-
gineering and geological sciences including transverse vibrations of a uniform flexible beam, deformation of beams, viscoelastic
and inelastic flows, plate deflection theory (see [1-3]). These equations arise of necessity, subsequently they are studied in these
various scientific contexts. Several techniques for finding the analytical solution of non-linear fourth-order PDEs have been dis-
cussed, Adomian Decomposition Method (ADM) [4,5] and variation iteration method (VIM) [6]. In 2009, Dehghan and Manafian
[7] applied the homotopy perturbation method to solve both linear and non-linear boundary value problems for fourth-order
parabolic PDEs with variable coefficients. Recently, Khan et al. [8] approached analytically the fourth-order parabolic PDE with
variable coefficients by employing the homotopy analysis method. Since analytical solutions of most non-linear fourth-order
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parabolic PDEs are not available, so it is required to develop efficient numerical techniques whose solutions are of great sig-
nificance to scientists and engineers. Various explicit and implicit finite difference schemes of second and fourth order for the
fourth-order linear parabolic equation have been studied by numerous researchers since 1950. A number of high order finite
difference schemes for numerical study of transverse vibrations have been proposed by various authors [9-11], however their
methods are not applicable to differential equations with singular coefficients. Khaliq and Twizell [12] studied fourth-order
parabolic equations of variable coefficients via method of lines (MOL) approach to obtain a numerical approximation. In the re-
cent past, Khan et al. [13] proposed sextic spline solution for fourth-order parabolic PDE. In [14], Caglar and Caglar have used a
family of fifth degree B-spline methods for the numerical solution of fourth-order parabolic PDE. Evans and Yousif [15] have em-
ployed the alternating group explicit (AGE) method for solving fourth-order parabolic PDE. In this direction, Mohanty and Evans
[16] have derived two new three-level implicit difference approximations of 0(k? + h2) and O(k? + h*) in a coupled manner for
1D mildly quasi-linear fourth-order parabolic PDE using three spatial grid points on a uniform mesh. Liu et al. [ 17] have proposed
a new numerical method called a coupling method based on a new expanded mixed finite element (EMFE) and finite element
(FE) for fourth-order PDE of parabolic type by reducing the fourth-order parabolic equation to a coupled system of second-order
equations and then solved a second-order equation by FE method and approximated the other one by a new EMFE method. Most
recently, Siddiqi and Arshed [18] developed quintic B-spline collocation method to solve the problem of undamped transverse
vibrations of a flexible straight beam. The solution of time dependent non-linear PDEs like the second-order Benjamin-Ono
equation and the good Boussinesq equation is numerically challenging owing to their highly complicated mechanism of solitary
wave interaction. Many finite difference numerical methods have been developed for solving such equations (see [19,20]).

Motivated and inspired by the ongoing research in this area, we present two new: two-level and three-level finite difference
methods based on the approach given by Mohanty and Evans [16,21] for two different classes of non-linear fourth-order parabolic
PDE on a variable mesh by reducing the fourth-order equation to a coupled system of two second-order equations using Numerov
type discretization. Our methods are O(k? + kh; +h,3) and O(k? +h13) accurate, where h; > 0, [ = 1(1)N and k > 0 are mesh
sizes in space and time directions, respectively. In both the cases, only three spatial non-uniform grid points are needed. To the
authors’ knowledge no high order methods on a variable mesh for the solution of 1D non-linear fourth-order parabolic PDE
have been discussed in the literature so far. For o; = 1 (uniform mesh case), that is, for h;,; = h; = h, our methods reduce to the
two-level implicit finite difference method of O(k? + kh? + h*) and three-level implicit finite difference method of O(k% + h*),
respectively. In the past, difficulties were encountered for seeking the solution of parabolic equations in polar coordinates. The
solution generally deteriorates in the vicinity of singularity. To overcome this difficulty, we modified our method in a manner that
the solution retains its order and accuracy everywhere even in the vicinity of singularity. The foremost advantage of developing
these new methods is that these do not require any fictitious points for incorporating the boundary conditions when applied to
singular problems. The proposed methods are applied to several time dependent non-linear PDEs which are significant in various
fields of sciences including the complicated second-order Benjamin-Ono equation and the good Boussinesq equation.

Here is the outline of this paper. In Section 2, we present new variable mesh two-level finite difference method to solve a
special type of fourth-order parabolic PDE. In Section 3, we propose new variable mesh three-level finite difference method
to solve another special type of fourth-order parabolic PDE. In Section 4, the stability analysis for a linear difference equation
has been discussed as a representative example and we analyze the application of new method to a linear singular problem.
In Section 5, we perform numerical experiments on a large variety of problems to demonstrate the accuracy of the proposed
methods. Concluding remarks are given in Section 6.

2. Two level implicit method

We consider the following special type of one-space dimensional fourth-order parabolic PDE of the form
Pu_, vu o
ox4 ox20t = ot?

defined on the solution domain Q2 = {(x, t)|a < x < b, t > 0}, with the initial conditions

:f(xst!u’ux’uxx_ut,uxxx—uXt), a<X<b, t>0 ('l)

ux,0) =), ux0) =9k, a<x<b (2)
and the boundary conditions are given by

u(a, t) =ro(t), u(b,t)=ri(t), t>0 (3.1)

uxx(a,t) =so(t), uUw(b.t) =s1(t), t>0 (3.2)

where we assume that the functions f, ¢, ¥, 1o,71,50,51 are of sufficient smoothness and their required high order derivatives
exist.

Let us denote uyy — u; = v, where u and v are functions of independent variables x and t. Since the value of u is known explicitly
att = 0, this implies all the successive tangential partial derivatives of u are known at t = 0, i.e., the values of uy, ux, ... etc. are
known att = 0. As v(x, 0) = uxx(x, 0) — us(x, 0), this implies that the value of vis known at t = 0. Similarly, as u and uy are known
atx = a and at x = b, so their tangential derivatives are known at x = a and x = b, i.e., the values of u;, uy, ..., Ut s Uxxtts - - - » etc.
are known at x = a and at x = b. Hence the values of u and v are known on all sides of the domain 2. So, equivalently, we
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reformulate problem (1)-(3) in a coupled manner as

02 d
(axz - at)u = v, (X, t) € Q (4.1)
82—8 v=f(x,t,u, v, Uy, vy), (x,t)eQ (4.2)
W & = LUV, Uy, Ux), , ) € §

subject to the initial conditions (2) and the boundary conditions (3.2) may be replaced by
v(a,t) =so(t) —1p(t), wv(b,t) =s1(t) —ri(t), t>0 (5)

For the numerical solution of the proposed one-space dimensional parabolic problem (4.1) and (4.2), subject to the initial
conditions (2) and the boundary conditions (3.1) and (5), we cover the solution domain €2 by a rectangular mesh such that
a=Xp <X; <...<Xy<XNj1 =b.Lleth=x —x_q,l=1(1)N + 1 be the mesh sizes in x-direction and k = t;  — t; be the mesh
spacing in t-direction so that t; = jk, 0 < j <J, where N and ] are positive integers. The mesh ratio is denoted by oy = (h;,;/h;) >
0, I = 1(1)N. When o; = 1, then it reduces to the constant mesh case. Let UIJ and Vlf denote the exact solution values of u(x, t)

and v(x, t) at the grid point (x;, t;) and ulj and v{ denote their approximate solution values, respectively.
At the grid point (x;, t;), let

PB=of+0,-1, Q=>0+0)1+301+0?). R=0(1+0,-07). S=01+0). (6)
Let
fj =tj+9k, (7)

where 0 < 6 < 1 is a parameter to be suitably determined.
In order to obtain the high accuracy method, we require the following approximations:
For r =0, 1, we denote

Ui, = 0Ur + (1 -0}, (8.1)
Vi =0Vit - (1 =60/, (82)
Uty = W = Ul )k, (8.3)
Vi = V3 =V )k, (8.4)
Ul = T,y — (1 - 0P} - 02T/ (S). (8.5)
Ulpyy = (1 +20)01,, — (1 +0)2T] + 02T/ (hS), (8.6)
Uiy = (=Tl + (1 +0)2T) — 012+ 0)T]_,)/(S). (8.7)
Vi = WVl — (1= o2V = 02V ]_)/(hiS)). (838)
Vi = (1 4+20)Vi,, — (14+0)2V] +02V1_) /(). (89)
Vi1 = (=Viy+ 14+ o)V — a2+ o)V (S). (810)

Egs. (8.1), (8.2), (8.3), (8.4), (8.5)—(8.7), (8.8)-(8.10) are approximations to u, v, u;, v, Ux, Ux, respectively at the grid point
(%), t;) and the neighbouring points (x., t;).
Using the above approximations, we define

= P A R
Fl+r = f(xH—rv tj’ Ul+r» Vl+r’ le+r’ Vxl+r)' ®)
Now, let
= Y w5 7
Uy =Ug+ah[(Viy, = Vi) + Uppq = U] (10.1)

=i = i vl
Vi =V +bi[(Fiq = F ) + Vepy = Vel (10.2)
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where q; and b, are the parameters to be suitably determined. Finally, let

:f(x,,fj,Ul],Vl, Xl xl) (11)

Then at each internal grid point (x;, t;), | = 1(1)N, j=0,1,2,..., the difference method of O(k? + kh; + h13) for the differential
Egs. (4.1) and (4.2) are given by

=i e R s =i oi =i

Uy — (A 4+opU +0oUp = ﬁ[PI(Vm +U )+ Qi+ U ) + RV + U DI +T) (12.1)
i Ty L T =i o = o =@

Vig -0 +o)V,+0oV = ﬁ[PI(FM Vi) FQE +V) +R(F + Vi DI+ T, (12.2)

_i(M O]
where T/~ = O(k2h? + kh? +h?), T| = O(k*h? + kh? + h), provided o # 1.
It is to be noted that the coefficients P;,Q;, R; in (12.1) and (12.2) are positive if ((v/5 —1)/2) < 0; < (+/5 +1)/2) (see Jain
etal. [22]).
For the derivation of the above variable mesh difference methods (12.1) and (12.2), we follow the approaches given by Mo-
hanty [21,23].
At the grid point (x;, t;), for S=A, B,C, D, U,V and g we denote

aa+b5
b= Hxageh’
af 8f af af af
The proposed differential Eqs. (4.1) and (4.2) at the grid point (x;, t;) can be written as
Uz0 — Upt = Vo (13.1)
Vao —Vor = f(xi. tj. UL V) UL V) = F (say). (13.2)
Similarly,
= f(Xpa, t]’UI:tl’ Y i1 Vi) (14)

Further, the following relations are obtained upon differentiating the system (4.1) and (4.2) with respect to ‘t’ at the grid point
(X1 1)

Ua1 — Ugy = Vo (15.1)
Va1 = Vop = G+ HUpy + Vo1 +JU11 + KV, (15.2)
Using Taylor’s series expansion, we first obtain
h2
Ul — (1 +opUl +oU! | [P,( Vi + U L) + QO +U) + RV, + U] )]+ 0(h). (16.1)
) h?
Vi, -Q+o)V/ +aV] = [P,( VL) + QU V) + R(E +V )]+ 0(h)). (16.2)

Simplifying the approximations (8.1 )-(8.10), we obtain

Ul = U,f + 0kUo; + O(K?), (17.1)
U,y = U}, + O1kUor + koyhy Uy ] + O(K + kh?), (17.2)
U, = U, +0[kUos — khyUp ] + O(K? + kh?), (17.3)
V! =V 4 6kvgy +0(Kk2), (174)
Vi) = Vi, +6[kVoy + koyhyVin] + Ok + kh?), (17.5)
V= V]| +0[kVor — khyVi ]+ O(k? + kh?), (17.6)

i o
U, =U, + %Uoz +0(k?), (17.7)
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k koh
Utl+l = U ti1t 2U02 + 2’ LUy + o(k* + khlz),
i i k kh
Uil—l =U/ + §U02 - 7’U12 + O(K* + kh?),

k
th = V t+ EVoz +0(k?),

=i i k kojh
Vil+1 = VtJlJrl + jVOZ + 2’ [V12 + O(k + khz)
—j k kh
Vi =V + 5V = 5 Viz + O(K? + ki),
J h 3
U,_UX,+ 6 =L Usg + OkUy; + O(K? +khy+hy),
—j ; o0;(1+o))h
Uyyr = Uiy - %Um +60kUp + O(K? + kh + h}),
—j ; 1+o0)h
Uy 1 =Ul s - %Um +OkUny + O(k* + khy + h}),
oih} 3
Vx, =V + 3 L V30 + OKkVyy + O(K? + khy + h}),
—j ; o;(1+op)h
Virsr = Vi — %Vm +OkVyy + Ok + khy + 1?),
—j ; (1 +o)h?
Vi = Wit — =g =L Vao + 0kViy + O(K + khy + h).
By the help of approximations (17.1)-(17.18), from (9), we get
=i o;(1+oy)h
Fl,1 = F) | +0K[G + HUos + IVoy +JUny +KVyy] — %UUN + KVso] + O(K? + khy + B3),
=i i 1+0))h
F{—l = F;]—l + Gk[G + HUp + Vo1 +JUp1 + KV11] — %UU&) + KV30] + O(k + khl + h3)

Using the approximations (17.1)-(17.18) in (10.1) and (10.2), we obtain
T, = Ui, + OkUy + %IZ[UI +60,(1 + o)) [Uso + O(K2 + khy + ),
V= Vi, + 0k + %{m - 6,(1 + o) Vo + O(k? + khy + h).

Finally, using approximations (7), (17.1), (17.4), (19.1), (19.2) in (11), we obtain
flj = F/ + OK[G + HUp; + Vo1 + JUp; + KV ]

h2
+ é[(()'l + 6(11(1 + O’[))JUgo + (O'l + 6b1(1 + O’]))KV30] + O(kz + kh; + h?)

Further, using the approximations (8.1), we may write

U,+1—(1+al)ul+a,u, =1 ,H—(1+o,)uf+al 1]+ Slkh2U21+O(k2h2+kh3) o1 # 1.

(17.8)

(17.9)

(17.10)

(17.11)

(17.12)

(17.13)

(17.14)

(17.15)

(17.16)

(17.17)

(17.18)

(18.1)

(18.2)

(19.1)

(19.2)

(20)

(21)

Using the approximations (17.1)-(17.18) on the right hand side, (21) on the left hand side of (12.1) and by the help of relations

(15.1) and (16.1), we obtain the local truncation error T, associated with (12.1) as:

1
T k2 (9 - ;>u02 +O(Ch? 4 kh? + h)

(22)

For the proposed difference method (12.1) to be of O(k? + kh; + h?), the coefficient of khl2 in (22) must be zero, thus we obtain

_j(1)
6 = 1 and the local truncation error T{ " reduces to O(k*h? + kh? + h?). Also,

. . a]
vm -Q +0,)V, +01V, =1V - +a,)v,f+o,v,{]]+5s,kh,2v21 +O0(k*h? + kh3), o) # 1.

(23)
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Now using the approximations (17.10)-(17.12), (18.1)-(18.2), (20) on the right hand side, (23) on the left hand side of (12.2) and
_i(2
by the help of relations (15.2), (16.2), 6 = % we obtain the local truncation error T{ associated with (12.2) as:
i@ K
T, = ﬁ[( =SB + (01 + 6a;(1 + 07))Q — (1 + 0))R)JUs + (= SP + (07 + 6b(1 + 07))Q — (1 + 07)R)KV30]
+O0(k*h} + khi +h7), o # 1. (24)

The proposed difference method (12.2) to be of O(k? + kh; + h?), the coefficient of hf in (24) must be zero, thus we obtain the
values of parameters

—oi(1+0,+07)
al = bl = T

and the local truncation error associated with (12.2) reduces to T,](Z) = O(kzhl2 + kh,3 +hf), 0, # 1 and thus the difference
method (12.1)-(12.2) is of O(k? + kh + h?).

For oy = 1 (uniform mesh case), that is, for h;_; = h;) = h, the method (12.1) and (12.2), for 6 = % reduces to the following
two-level implicit difference method of O(k% + kh? + h*) for the solution of differential Eqs. (4.1) and (4.2):

i h2 . i . .
801 = 5 Vi +Upp0) + 107 +T7) + (Vg +Uyyp)] + 0GR + kh* + h), (251)
52 = 1 47 B4V +(F, 47 k2h? + kh* + B
Vi =l Era + Vi) + 10, + Vi) + (Fioy + Vi )]+ O(h™ + kh™ + °), (25.2)
where §y is the central difference operator with respect to x-direction.
3. Three level implicit method
Consider another type of fourth-order quasi-linear parabolic PDE in one-space dimension having the form

o*u  9%u

Ax, t,u, UXX)W + =g(X, t, U, Up, Uy, Uxy, Up), A <X<Db, t>0 (26)

Fra

or equivalently,

0%u

el v, (xt)eQ (271)

0%v  9%u

Ax. t,u, v)w + 32 = gx, tu, v U, Uy, 1), (X, t) e (27.2)
subject to the initial conditions

u(x,0) =up(x), w(x,0)=w(x), a<x<b (28)

where 1y and u; are sufficiently differentiable functions and the boundary conditions are given by
u(a.t) =go(t). u(bt)=g(t), t>0 (29)
Ux(a,t) = ho(t), uw(b,t)=hi(t), t>0
or equivalently,
v(a, t) = ho(t), v(b,t) =hi(t), t>0 (30)

Note that the boundary values of u and v are prescribed at x = a and x = b and the initial values of u and u; are provided att = 0.
Since the value of u is known explicitly at t = 0, this implies all the successive tangential partial derivatives of u are known at

t =0, i.e. the values of uy, uxy, ..., etc. are known at t = 0. As v(x, 0) = uxx(x, 0), so the value of v is also known att = 0.
For simplicity, we first consider the fourth-order non-linear parabolic PDE of the form:
0%u  9%u
A(x, DW + 3 =g(X, b, U, U, Uy, Uyy, Ug), A <X<b, t>0 (31)
or equivalently,
02%u
— =V, (xt)eQ 321
e (x.t) € (32.1)
0%v  0%u
A(x, t)W tog = X, 6 U, v, U, Uy, Uy), (X, 8) € (32.2)

subject to the initial and boundary conditions given by (28)-(30).
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To determine the numerical solution of the proposed initial boundary value problem (32.1) and (32.2) together with (28)-(30),
we discretize the solution domain €2 using the variable mesh defined in Section 2 and at the grid point (x,, t;), we denote

(-1 R Al

2y

P, 3 18 (1+0,+0; )A{ (33.1)
1-0+0}
PZ, = T’
h A
Pr=of+0—1-2(1+0+0>)-, (33.2)
3 A{
PN 2 2 A)];l
Q' =Q0+0)1+430,+07)+ §(1 —of)(1 40,40 )F’ (33.3)
1
* 2 hl 2 2 A)JCI
R :al(1+al—o,)+§al (1+G,+ol)ﬁ (334)
1
and P, Q;, R}, S; are as defined in (6).
Our variable mesh numerical methods are described as follows. For p = 0, £1; let

U, =tUl) + =20} +tUl), 0<7 <1 (341)
Vlip - rvlf'jpl +(1- 21)\/,j+p + rv,f;p], 0<7<1 (34.2)
0, = Wl - Ui, ab. (343)
Gg‘w = (U5 —2u],, + Ul h /K, (34.4)
Ul = (U, - Q-] - o0} )/(hS)). (34.5)
Ui, = ((1+20)U},, — (1 +0)?T} + U )/ (hS)). (34.6)
Ul =(- ﬁfﬂ +(1+ Uz)ij —01(2+ Ul)ﬁlj;l)/(hlsl)s (34.7)
Vi =L, - =o))V/ —oV] )/(hS)). (34.8)
Vi, = +20)V — (1 +0)*V] + 02V ) /(s (34.9)
Vi, ==V, + A+ - a2+ o)V )/ (S, (34.10)
Vi, =20V, — A+ o)V + oV )/ (h2S)). (34.11)
G{er = g(XH’p’ t]’ Ulj+p’ Vlip’ Uf][‘er’ U’{Hp’ VXJ;HJ)’ (3412)
le = U)ZI + plhl[V[{H - Vlj_l ]s (34.13)
=j —~ —~ —~ P P .
V=V +ahl(@,, - G_) = T4, — T4 )1+ ah?Vi,, (3414)
Fl Givioi ol o
G =g, t;, U V! Ug . Uy V). (34.15)

where p, q; and g, are the parameters to be suitably determined. Then the difference methods of O(k? + h,3) for the differential
Egs. (32.1) and (32.2) are given by

. g Py h2 . Iy ey )
U, - A+l + o}, = é[P’vI{H +QV/ + RV T+ T (35.1)
[A] + Py A + 2P AL VL — (1 + o)V + oV ]
h2 —~ . = o~ —~ . )
= 5P (G = U, )+ @ (G = Ug) + Ri(GL, = U}, DI+ T (35.2)

1+1 24781
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where ]A'ljm = 0(k*h? + h?), f,ja)

= O(k*h? + k*h? + h?), provided o # 1.

685

For the derivation of the numerical method (35.1) and (35.2), we follow the techniques given by Mohanty and Evans [16,23].

At the grid point (x;, t;), we write

G{ :g(x,,tj,Uﬂ,\qj,Ut{,U,i,V)f;),

G{:H =&(Xu1. 1) UIJ:H’ VIJ:H Utjlﬂ ’ Uﬁm ’ Vx]m ).
In the following in this section, at the grid point (x,, t;), we let
og og og og og
2% g% ,_9% s_9% ,_95
« ou p ov Y Oy 0y ou
Simplifying the approximations (34.1)-(34.11), we obtain

U/ = U + Tk2Up, + O(KY),

=U/

Ul
u 1+1

L + 1k?Ugy + O( £ hik? + h?k?),

Vlj = Vlj + ‘L’kZVoz + O(k4),

Vi =VI 4 tk®Voy + 0(+ hik? + h2k?),

I+1 I+1

Gi_ui. 4

Ut, = U[l + EU(B +0(k*),

i j k? 2 p212

Ul =Ul + €U03 + O(+ hk* + hik?),

. K2 .

Ui =Uh + EUM + 0(k*),

0 =0+ Ut 0(+ni? + 1K
ttay tfli1+ﬁ04+ (:l: 1K+ l<)’

. oh?
U){, = U;f, + #Um +1k%Upp + O(hl3 + hlzkz),

6
~ : o,(1+0))h?
Ul =ul - %Um + Tk2Uny + O(R3 + hyk?),
e . 1+ o))h?
U,{H = U,{H — QUH) + 'L'k2U12 + O(h,3 — h]kz),

6
Vi=Vi+ G’—h’zv + k2, + O(h? + h2k?)
x = Vx 6 30 12 1 1 )

U[(] + O'l)h2

Vi, =V, — Va0 + TkViz + O(h} + hik),
. . 1+0))h?

VXJF1 = VXJF1 — %Vm + TI<2V12 + O(hl3 - h,k2),
Vi, =V, +00c +hy).

Using (36.1)-(36.14) in (34.12), we get

R
=G, + g[G‘C (U2 + BVo2 + YUz + 8Viz) + CUps]

01(1+ o)) h?
_ %[VU% +8Vso] + O(h} + Wyl + hik?),

cJ
Gl+1

. k2
G,=G ,+ E[GT (@Uoz + BVo2 + v Uiz + 8Viz) + ¢ Ugs]

(1+0))h?
- %[Vum +8Vs0] + O(h} — hyk* + hik?).

(36.1)

(36.2)

(36.3)

(36.4)

(36.5)

(36.6)

(36.7)

(36.8)

(36.9)

(36.10)

(36.11)

(36.12)

(36.13)

(36.14)

(36.15)

(37.1)

(37.2)
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Next, by the help of approximations (36.1)-(36.15), (37.1) and (37.2), from (34.13) and (34.14), we obtain

=] ; h?

Uy, = Ul + kU + —’[o, +6p1(1+07)[Uso + O(h? + h?k?), (38.1)
=j - h

V= Vi +Tk?Via + *[(UI +6q1 (1 + 0))AD)Vs0 + 6(q1 (1 + 0))AL, + q2)Vao] + O(h} + hyk? + h7k?). (38.2)

Finally, by using (36.1)-(36.5), (38.1) and (38.2), from (34.15) we get
2 kK
G =G+ g[GT(auoz + BVoz + Uiz + 8Vi2) + ¢ Ups]

h2 . .
+ g’[(ﬁl +6p1(1401)yUso + (07 + 641 (1 + 0))A)8V30 + 6(q1 (1 + 0 A}, + 42)8Va0] + O(h} + hyk? + h7k?)

(39)
By the help of Taylor’s series expansion we obtain
h2 2
v, -a +a,)U +oU L=, - +o)U/ +oUl 1+ 18-~ 5 U +O(k*h} + k%), (40.1)
[A] + P AL + B2P ALV — (1 + o)V + oV ]
hzl 2
= [Al + hPy A + H2P, AL V] -+ o)V + oV 1+ 7S 7A00v22 +0(k*h} + k%), o #1. (40.2)
Also, we have
) h? ) )
Ul -+ o)U/ + U] | = [P, L+ QY + RV T+ 0(hD), (41.1)
[Al +h P1,A,’<, +hPALVEL, — A+ o)V + oV ]
[PI (Gl+l rt, 1) +Q (G] tr,) +R; (GJ ttl 1)] + O(hs) (41.2)

Since Uy, = Vg, using (36.3), (36.4) and (40.1) in (35.1) and by (41.1), we conclude that the local truncation error ﬁj(l) as-
sociated with (35.1) may be obtained as flf“) = o(kZh;" + hl5) for arbitrary 7. Similarly, using the approximations (36.1)-(36.15),

(37.1),(37.2)and (39) in (35.2) and by the help of relations (40.2), (41.2), we obtain the local truncation error le(Z) associated with
(35.2) as:

—~ h? .
=25 [(—sm,* + (01 +6p1(1+0))Q] — (1+06)R) Y Uso + (= S + (07 + 601 (1 4+ 0)ANQ} — (1+0)R))SVao
i i h#k? 1 1
+6Q; (q1 (14 0DA;, +q2)8Vao | + Tsl E(GT (aUoz + BVoz + YUz + 8Vip — AgoVaz) + ¢ Up3) — §U04
+0(K2h? + h?), (42)

provided o # 1. The proposed difference method (35.2) to be of O(k? + h,3), the coefficient of hf in (42) must be zero, hence we
obtain the values of the parameters

Dy — —0i(14+0,+0?) (1 N 2(1 —cr,)h,A,’q)

6Q; 340
0= —0(1+0,+0p) < 2(1 - G,)h,A )
6AIQ; 3A)
AL o)A, (1 L 20— aphA, )
6AIQ; 3A]

and thus the local truncation error (42) reduces to lea) = O(kzhl2 + k2 h13 + hf), provided o # 1, for arbitrary 7.

For the numerical solution of quasi-linear problem in the coupled form given by Eqs. (27.1) and (27.2) subject to initial and
boundary conditions (28)-(30), i.e. when the coefficient A = A(x, t, u, v), then we need to modify our proposed difference method
(35.1) and (35.2). In this case, we make use of the following approximations in (35.1) and (35.2):

=) —J —J
Ay - (1 —-0P)A —0PA L,

Al = 431
X| h151 ’ ( 3 )
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_ 241, — (1+ o)A + 0] 1)

J
Al = s (43.2)
where
A = A(x. 1.0 7)), (43.3)
> L
Al =AlXpe, tj, U{:tl’ Vl]:tl)‘ (43.4)

Using the approximations (43.1)-(43.4) and proceeding in the same way as above, we obtain difference method of O(k% + h13)
for the numerical solution of quasi-linear Eqs. (27.1)-(27.2).

For o; = 1 (uniform mesh case), that is, for h;, ; = h; = h, the method (35.1) and (35.2), for arbitrary 7 reduces to the following
three-level implicit difference method of O(k? + h*) for the solution of differential equations (32.1) and (32.2) (see Mohanty and
Evans [16]):

. h2 _; e
820] = 15 Vi +10V] + Vi, ]+ 0(H* + 1), (44.1)
h? 2423, h2 hA —j hA j
|:A00 A 12 (AZO - AO>:|82VI = 12 [(1 A 10>(G1+] f[l+1) A IO(GI Ulj‘tl) il (1 il AIO) (Gl "= [[I 1)i|
+0(k*h? + k*h* + h®). (44.2)

4. Stability consideration and application to linear singular problem

We shall discuss the stability for the uniform mesh case. For simplicity, we consider the fourth-order parabolic PDE of the
form

94u 93u

5 — 255 t

axi oot 8t2 = /0.
The finite difference method (25.1) and (25.2) applied to model equation (45) can be written in the matrix form as:

AY*1 = BYJ 41 (46)

where
_ A A _ B4 B, _|u _ hL
R RS R

=[1,10,1] - 6A[1,-2,1], A, = g[l, 10, 1],

a<x<b, t>0 (45)

= 119014 64[1,2.1], B = [1,10,1]

where A = k/h? is the mesh ratio parameter for the uniform mesh (for o; = 1, that is, for h;,; = h; = h) and we denote

d e 0 ... 07

c d e
[c.del=]qg . . . 0
: c d e
0 -~ 0 ¢ d]

as Nth-order tridiagonal matrix whose eigenvalues are given by d + 2 /cecos (2¢), ¢ = (sw)/(2(N+ 1)), s=1(1)N. u, v are
solution vectors and vectors Iy, I, consist of homogenous functions, initial and boundary values of the block system (46).
For stability, we consider the homogenous part of (46), which may be written as

Yitl = (A'B)YI (47)

We denote ¢/ = yJ — YJ as the error vector at the jth iterate (in the absence of round-off errors), where

j j+1
i U i u
i J+1

The error equation can be written as

eIl = Hel
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where H = A-1B is the amplification matrix. The eigenvalues of A; and A, are given by 12 — 4sin? ¢ +24A sin? ¢ and %(12 -
4sin® ¢), respectively while the eigenvalues of B; and B, are given by 12 — 4sin® ¢ — 242 sin® ¢ and ‘7"(12 — 4sin® ¢), re-

spectively. Hence, the eigenvalues of matrices A and B for the difference method (25.1) and (25.2) are given by 12 — 45sin? ¢+
242 sin” ¢ and 12 — 4sin’ ¢ — 244 sin® ¢, respectively.
Let v be the eigenvalue of A~1B. Since the matrices A~! and B commute each other, hence the eigenvalues v are given by
12— 4sin’ ¢ — 24Asin’ ¢
12 — 4sin® ¢ + 244 sin ¢
Since 0 < sin2¢ < 1, from (48), it is easy to verify that |v| < 1 for all variable angle ¢ and A > 0. Hence the method (25.1) and
(25.2) is unconditionally stable for the differential Eq. (45).
For the stability of difference method (44.1) and (44.2) refer [16].

We consider the proposed difference method (35.1) and (35.2), on a variable mesh applied to a class of linear singular fourth-
order parabolic equation in one-space dimension of the form:

(48)

0%u 02 o d 0%u
4 —

Vu-i-W (8r2+r8r> +W g(rt), 0<r<1, t>0
or equivalently,

0%u  9%u

5 ——B() +C() +D(r)—+g(r t), 0<r<1, t>0 (49)
where

200 oe(2 oe) oo —2)

B() = ——. C()=
Fora =1 and 2,

, 0% «ad
V= az T T or
represents one-space dimensional Laplacian operator in cylindrical and spherical coordinates, respectively. Using the second
order central differences, the numerical solution of (49) can be obtained making use of five grid points in r-direction and three
grid points in t-direction. But so far, no difference method on a variable mesh of O(k? + h,3) using only three grid points in
both r- and t-directions is known for singular Eq. (49). The finite difference method discussed here is three-level in time based
only on three spatial grid points and no fictitious points are taken for incorporating the boundary conditions. It is difficult to
determine the numerical solution of (49)in polar coordinates as the solution deteriorates in the vicinity of the singularity r = 0.
We overcome this difficulty by modifying our method in such a manner that the order and accuracy of the solution is retained
everywhere including the region in the vicinity of the singularity r = 0.
Replacing the variable x by r and applying the difference method (35.1) and (35.2) to the singular Eq. (49), we obtain the
following difference method upon neglecting the error terms

D =

n L
1+1 - (1 +opu +a,uf L= [P, Uy + QU + RV |1, (50.1)
[, - A+ o)V + ol |1+ 12k28 [(B - po)ui,, + (R + po)u! | + Qu]]

2 N N " "
= ﬁ[Qlevﬁ + (P — po)Bi1 V., + (R + po)Bi 1V, | + QD) + (P — po)Dy11,, + (R + po)Dy 1), ,

+ QICI)])IJ + (Pl - pO)Cl+lvl]+] + (Rl + pO)Cl—la{,l - qo(a{+l _7;{,])]
+ ﬁ[ng{ + (P —po)g,, + Ri+pog ], I=1(DN, j=1,2,... (50.2)

where §; is the central difference operator with respect to t-direction, py = (0;(1 +0; + 0,2)h,B,) /6, qo = (01(1 + 07 +
Ulz)thl)/S and for p=0,=£1: BH»p = B(er), C1+IJ = C(er), Dl+p = D(rlﬂ,), g"’+p = g(rl+p, t])

Although the difference method (50.1) and (50.2) is of O(k? + h?) but it contain the terms B;_, G_4, D;_1, g{il, all of which
involves the term 1/r;_; giving rise to singularity at | = 1 since rq = 0. It is for this reason that the proposed method is not directly
applicable to singular equations in the region 0 < r < 1, i.e., in the vicinity of singularity. We overcome this difficulty by modifying
the method (50.2) in such a manner that the order and accuracy of the solution is retained everywhere in the region [0 <1 < 1] x
[t > 0], even in the vicinity of the singularity r = 0.

In order to get a valid difference method of O(k? + h,3) on a variable mesh, we require the following approximations:

2h2
LByo + O(h?) = By + O(h), (51.1)

o
By = Boo + ojhyByo +
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hz
Bj_1 = Boo — yB1o + 7’320 —0(h{) =B, — 0(h}), (51.2)
olh?
Ci41 = Coo + o1hiCyo + 3 Gy + O(h}) =Gy + O(h}), (51.3)
ht 3 3
Ci_1 =Coo — Cyo + 7(720 —0(h) =G - O(hy), (51.4)
oth 3 3
Dyy1 = Doo + o1hyDyo + 5 Do+ O(h7) = Dy + O(hy), (51.5)
ht 3 3
Dy 1 =Doo — hyD1o + 7D20 —0(h{) =D, — O(ly), (51.6)
j othi 3 3
g4 = 8oo + o1ugio + 5 80+ O(h}) = Gy + O(hy), (51.7)
J hl2 3 3
811 =800 — higio + 5-820 — O(hy) = G — O(hy). (51.8)
where
212 2

By = Byo + o1hB1g +

h
! Bzo, Bz = BOO — h[B]o + 7’320, etc.

Using the approximations (51.1)-(51.8) in the difference method (50.1) and (50.2) and neglecting the higher-order terms, we
obtain

T .
w., —(+o)il +opil] | = é[l’,v{H +QU + R, (52.1)

[, — A+ o)V + ol |1+ 12k2 82[(H poul , + (R + po)ul | + Qu]]

2 " " "
= *’[QJBOOW, + (B — po)Bi, , + (R + po)BaV), , + QDooll}, + (P — o)D), , + (R + po)Datll, |
+ QCoo® + (B — po)CiT, , + (R + po)CoV_, — oW, — ¥ )]

+ é[ngoo + (P —po)Gi+ (Ri+po)G], I=1(1N, j=1,2,... (52.2)

Note that the difference method (52.1) and (52.2) is a three-level implicit method of O(k? + hl3) which does not involve the
terms 1/(I & 1), hence can be very easily solved for | = 1(1)N in the region [0 < 1 < 1] x [t > 0]. The resulting system of tridiagonal
matrices can be solved using block iterative methods (see Kelly [24]).

5. Numerical illustrations

For
A= O'l3 +3Ulz +20,—-6, B = 6(1 +O'l), G = 0'1(20'12 + 30, — 5),

we consider the following variable mesh two-level implicit difference method of accuracy O(k? + h,z) for the numerical solution
of differential Eqgs. (4.1) and (4.2):

2

m[Al Vi +U0L ) +BV] +U0) + GV +T;, D1+ 0(h +hd), (531

U{-H -1+ UI)U{ + GlUl]—l =
2
't
6(1 +0‘1)
I=1(1N, j=0,1,2,... (53.2)

Vig—(+o)V + oV, = [AFly + V) +BIF + V) +GEFEL + V] D]+ 0(2h? +h),

where F{ = f(x.t}. U{, V{, U,{,, V,{l) and the approximations f{ﬂ are already defined in Section 2 with § = 1/2.
Also, a lower order variable mesh method of accuracy O(k? + h,z) for the solution of differential equations (32.1) and (32.2)
may be written as:

U, ~Q+o)0} + o0 h gl - DV, +A+0)(A+0+ 0V —of (o - DV 1+ 0Kk +hf).  (541)
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[A{+( Dm0, - (1 + o) + o]
—[(o, DG, U, )+ A+ +01+ 02 (G - U,) — oo - DG, — T}, )]
+0(k*h? +h}), oy #1, I=1(1)N, j=1,2,... (54.2)

where 5{ =g(x.t;, Ulf, Vlf, UJ Uf Vf) and the approximations G] , are as defined in Section 3 for 0 < 7 < 1. Also, note that the
coefficients A}, B;, C; in (53.1) and (53 2) are positive if o} > 1.

For 0; = 1 (uniform mesh case), that is, for h,; = h; = h, method (53.1) and (53.2) for & = 1/2 and method (54.1) and (54.2)
for 0 < T < 1 reduces to the following two-level and three-level implicit difference methods of O(k? + h2) for the solution of

differential Eqs. (4.1)-(4.2) and (32.1)-(32.2), respectively:

82U] = R2(V] +T’)) + O(K2h? + kh* + h*), (55.1)
82V] = R(F + V) + 0(k2h? + kh* + h*), 1=1(1N, j=0.1.2,... (55.2)
8207 = h?V] 4 0(k?*h? + h*), (56.1)
AlS2V] = (Gl - U} ) + 0(k*h? +h*), 1=1(DN, j=1.2.... (56.2)

In this section, we conducted some numerical experiments to illustrate the methods (12.1)-(12.2) and (35.1)-(35.2) developed
in previous sections for the solution of fourth-order differential Eqs. (1) and (26), respectively by solving some problems. We have
compared our results with the results obtained by using the methods (53.1)-(53.2) and (54.1)-(54.2), respectively. The exact
solutions and the region of integration are provided in each case. The right hand side functions, initial and boundary conditions
are obtained using the exact solution as a test procedure. For computing the solution of (26), we have chosen t = 0.5. We have
used iterative methods for solving coupled system of equations. If the system of equations is linear, we have used Gauss-Seidel
method whereas in the non-linear case, the system is solved using the Newton’s non-linear Gauss-Seidel method (see [24-
26]). While using the Newton’s method, the iterations were stopped when absolute error tolerance < 10~!2 was achieved. All
computations are performed using MATLAB programming language.

Note that the difference method (35.1) and (35.2) for solving Eq. (26) is a three-level method. The values of u and v are known
from initial conditions. To begin any computation, it is necessary to know the values of u and v of required accuracy at t = k. We
discuss in this section an explicit method of O(k?) for u and v at the first time level, i.e. at t = k, which can be applied to problems
in Cartesian and polar coordinates. Since the values of u and u; are given explicitly at t = 0, so all their successive tangential
partial derivatives are known at t = 0, i.e. the values of

Pud W WY 35
axs ' 0xs’  0xsot’  oxsot’
are known at t = 0. The prescribed differential Eq. (26) may be re-written as:

s=0,1,...

2 4
% =-A(x, t, u, uxx)% +g(x, t,u, v, U, Uy, Vx) (57)
Differentiating (57) twice successively with respect to x, we get
0% 92 04u
T2 T e [ —A(x, t,u, uxx) +g(x t,u,v, uf,ux,vx)} (58)

We consider the following explicit difference methods of O(k?) foru and v att = k

k2

Ul = U0 +kUp + 5

=Ug, +0(%) (59)

1 0 |y0 k?
Vi =V + kv + 5
Thus using the initial values and their successive tangential derivative values, we can obtain the values of Utotl and Vt?’ from (57)
and (58), respectively. Then finally, using these values in (59) and (60), we can compute the values of u and vatt = k.
For uniform mesh, we take o; = o = 1 and for variable mesh, the interval [q, b] in x-direction is divided into (N + 1) parts
with

Vi, + 0(k%) (60)

AQ=Xg<X; <...<XN <XNy1=Db, where h =x—-x_., [=11)N+1 and
= (hya/h) >0, I=1()N.
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Table 1a
Maximum absolute errors for Example 1 att = 1.0 for uniform mesh.
N+1 0(k? + kh? + h*)-method (25.1) and (25.2) O(k? + h?)-method (55.1) and (55.2)
a=0 o =10 o =20 a=0 a =10 o =20
8 u  4.8546(-05) 2.2453(-05) 1.2951(-05)  1.0652(-02)  6.9810(-03)  5.6685(—03)
16 u  3.0106(-06) 13881(-06)  7.9713(—07)  2.6369(—03)  1.7429(-03)  1.4184(—03)
32 u  18778(—07)  8.6509(—08)  4.9631(—08) 6.5762(—04)  4.3556(—04)  3.5467(—04)
64 u  11626(—08)  5.3712(-09)  3.1145(-09)  1.6430(—04)  1.0888(—04)  8.8671(—05)
Table 1b
Maximum absolute errors for Example 1 att = 1.0, o = 1.04 for variable mesh.
N+1 O(k? + kh; + h?)-method (12.1) and (12.2) O(k? + h?)-method (53.1) and (53.2)
a=0 o =10 o =20 a=0 o =10 o =20
8 u 7.0744(—05) 4.1221(-05) 3.1869(-05) 7.0345(—-03) 4.6117(-03) 3.7403(-03)
16 u  85931(-06) 57542(—06) 4.7214(—06)  1.8600(—03)  12354(~03)  1.0081(—03)
32 u  17925(-06)  12665(-06)  1.0823(—06)  5.7255(-04)  3.8168(—04)  3.1200(—04)
64 u  7.0275(-07)  5.0342(-07) 4.3396(—07)  2.5900(-04)  1.7370(-04)  1.4280(—04)

Since
b=xXnp1 =% = (Xng1 —xn) + (v —Xn-1) + -+ (X1 —X0) =y + v+ + 1y
=h(+01+0102+--+0103---0n).
so we obtain the first mesh spacing in x-direction as
b

hy = (61)
1+o01+0102+--+0102---0n
For simplicity, we may consider o; = o (a constant # 1), [ = 1(1)N, then hy reduces to
b(1-o0)
h1:m, o #1. (62)

Thus, by prescribing the value of N and o, we can calculate h; from the above relation and the remaining mesh lengths in x-
direction are known by h,; = o'h;, | = 1(1)N. Throughout our computation we have used the time step k = 1.6/(N + 1)? for
finding the solution at t = 1 and k = 0.8/(N + 1)Z at t = 2, for variable mesh. The difference method (25.1) and (25.2) for the
solution of differential Eq. (1) is fourth-order accurate in space and second-order accurate in time in case of uniform mesh, that
is, for o] = 1, hy,; = h; = h. For computation, we choose the mesh ratio parameter in case of uniform mesh as A = k/h? = 1.6 for
Eq. (1). Since kech?, this implies the method (25.1) and (25.2) is O(h*) accurate in space.

Example 1.
04u d3u N 0%u
ox4 ox20t = ot?
The exact solution is u = e~* sin (77x). The maximum absolute errors for uniform mesh (for o; = 1) and for variable mesh for a

fixed o = 1.04 are tabulated in Table 1a and Table 1b, respectively at t = 1.0 for various values of «. The 3D graphs of numerical
solution using method (12.1) and (12.2) vs exact solution for variable mesh are plotted in Fig. 1 att = 1 for o = 20.

=au(uy —u) + f(x,t), 0<x<1,t>0 (non-linearequation) (63)

Example 2. For the determination of the transverse deflection of points of the rod from their position of equilibrium, we solve
the following physical problem considered in [16]:

d9%u  9%u

W+W+nu:f(x’t)’ O<x<1,t>0 (64)
where 7 is the ratio of coefficient of friction to the linear mass density of the string. The exact solution is u = sinzxcost. The
maximum absolute errors are tabulated in Table 2 at t = 1.0, 2.0 for a fixed o = 0.96 and for various values of 1.

Example 3.
o o
axt  0t2

The exact solution is u = x* sinht. The maximum absolute errors are tabulated in Table 3 at t = 1.0 for a fixed o = 1.06 and
various values of o.

(1+u® +ufy) =au(ly — Uy) + f(x,t), O0<x<1, t>0 (quasi-linearequation) (65)
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oy~

0.5 0.5

x values 00 x values 00

t values t values

(a) Numerical Solution (b) Exact Solution

Fig. 1. Example 1: The graph of numerical and exact solutionatt =1, 0 =1.04, N+ 1 =8 and « = 20.

Table 2
Maximum absolute errors for Example 2 att = 1.0 and t = 2.0, 0 = 0.96.

N+1 O(k? + h})-method (35.1) and (35.2)
t=1.0 t=20
n=0.1 n=0.01 n =0.001 n=0.1 n=0.01 n =0.001
8 U 85443(—04) 85529(—04)  8.5537(—04)  7.2379(—04)  7.2657(—04)  7.2685(—04)
U 9.8688(—03) 9.8764(—03) 9.8771(—03) 6.6571(=03)  6.6817(—03)  6.6841(—03)
16 U 65713(—05)  65828(—05)  6.5840(—05) 4.9613(—05)  4.9950(—05)  4.9983(—05)
U 74238(—04)  7.4350(—04)  7.4361(—04)  5.7302(—04)  5.7199(—04)  5.7189(—04)
32 U 9.0902(—06)  9.1083(—06)  9.1102(—06)  6.2920(—06)  6.3395(—06)  6.3442(—06)
U 14775(—04)  14785(—04)  14786(—04)  11837(—04)  11864(—04)  1.1867(—04)
64 u  3.0067(—06) 3.0128(-06)  3.0134(—06)  2.1333(—06)  2.1491(—06)  2.1507(—06)
U 5.4602(—05)  5.4648(—05) 54653(—05)  6.0983(—05)  6.0934(—05)  6.0929(—05)
Table 3

Maximum absolute errors for Example 3 att = 1.0, o = 1.06.

N+1 O(k? + h?)-method (35.1) and (35.2) O(k? + h?)-method (54.1) and (54.2)
a=10 o =20 o =40 a=10 a =20 o =40

8 U 25863(=03) 25317(—03)  2.4305(—03) 4.9765(—03)  4.9289(—03)  4.8418(—03)
Uy 2.6687(—02)  2.6130(—02)  2.5096(—02)  1.8970(—03)  13675(—03)  9.8172(—04)
16 u 12182(—04)  11940(—04)  11493(—04)  14311(—03)  14212(—03)  1.3990(—03)
U 12335(=03)  12089(—03) 11634(—03)  4.4764(—04)  3.3492(—04)  2.0408(—04)
32 U 72096(—06)  7.0619(—06)  6.7972(~06)  5.4395(—04)  5.4121(—04)  5.3466(—04)
Uy 74656(—05)  73322(—05)  7.0922(—05)  12241(—04)  9.5291(—05)  5.8963(—05)
64 u 10633(—06)  10390(—06) 9.9914(—07)  3.4552(—04) 3.4417(—04)  3.4077(—04)
U 12351(—05)  12186(~05)  11918(—05)  6.4236(—05) 4.8981(—05)  3.7246(—05)

Example 4. To solve numerically Eq. (49) whose exact solution is u = r* sinrsint. The maximum absolute errors are tabulated
in Table 4 at t = 1.0, 2.0 for a fixed 0 = 0.94 and for o = 1, 2. The 3D graphs of numerical solution vs exact solution are plotted
inFig.2att=1fora =1.

Example 5. Consider the second-order Benjamin-Ono equation:
04u N 0%u  9%u?
ox4  0t2 0x2

This kind of equation is one of the most significant non-linear PDEs, which is used to describe the long waves in shallow water

and also in the study of many other physical phenomenon, such as the percolation of water in the porous surface of a horizontal
layer of material. Fu et al. [27] constructed the exact periodic solutions of Eq. (66) using the Jacobi elliptic function expansion

=0, -25<x<25t>0 (66)
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Fig. 2. Example 4: The graph of numerical and exact solutionatt =1,0 =094, N+1=8and o = 1.

Table 4
Maximum absolute errors for Example 4 att = 1.0and t = 2.0,0 = 0.94
N+1 0(k? + h?)-method (35.1) and (35.2)
t=10 t=2.0
a=1 a=2 a=1 a=2
8 u 3.9009(-04)  2.3296(-03)  4.2917(-04) 2.5325(-03)
Uy  1.5827(-02) 8.0582(-02)  1.7517(-02) 8.6534(—02)
16 u 5.3989(-05)  3.4962(-04)  6.1110(-05) 3.7713(-04)
Uy 3.6585(-03)  2.1261(-02) 3.8984(-03)  2.2963(-02)
32 u 1.3226(-05)  9.0634(—-05)  1.4930(-05)  9.7630(—05)
Uy 1.3507(-03) 8.4832(-03)  1.4399(-03)  9.1583(-03)
64 u 7.2966(—06)  5.1297(-05) 8.2431(-06)  5.5299(-05)

U 9.0550(—04)  5.7976(—03)  9.6465(—04)  6.2615(—03)

Table 5
Maximum absolute errors for Example 5 at various time levels for a uniform
mesh with h = 0.1, k = 0.01.

t O(k? + h*)-method (44.1) and (44.2) ~ Method discussed in [28]

u Uyy u
5 32357(-07)  19753(-07) 3.3988(—04)
10 1.3715(-06) 6.2901(-07) 5.2273(-04)
15 41498(—06)  1.8354(—06) 8.2328(—04)
20 1.0743(-05)  4.7400(—06) 1.2596(—03)

method having the form

1
u(x, t) = ib2 — 412 1 612 tanh®[I(x — bt)]. (67)

By using the difference method (44.1) and (44.2) for uniform mesh, we demonstrate the above traveling wave solution (67) of
Eq. (66) through numerical computation and compare our results with the lattice Boltzmann method proposed in [28]. We first
take the same physical constants asin [28]: [ = 0.3, b = 0.01 and the computation domain is taken as [-25, 25| withh = 0.1, k =
0.01. The maximum absolute errors (for o; = 1) are tabulated in Table 5 at various time levels t = 5, 10, 15 and 20. The 2D graph
of numerical solution vs analytical solution is plotted in Fig. 3 at t = 5.

Example 6. Consider the good Boussinesq equation:

0%u  d%u 3% 0*u

= =55+ =5 55, 0<x<1, t>0 68

o7 ~ae e o 0=l b (68)
The above equation which belongs to the KdV family of equations describes the propagation of long waves in shallow water [29]
and occurs in various other physical applications such as non-linear lattice waves, ion sound waves in plasma and many more
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Fig. 3. Example 5: Comparison between numerical and analytical solution for Eq. (66) att = 5 for h = 0.1 and k = 0.01.

Table 6a
Maximum absolute errors for Example 6 at various time levels for a uniform mesh with k = 0.05.

t Parameters 0(k? + h*)-method (44.1) and (44.2)  Quintic B-spline method

discussed in [31]
u Uy u

05 h=1/40 x°=30 7.8998(—07)  4.2242(—06) 8.2943(—07)
10 h=1/60 x°=40 75071(-09)  3.7560(—08) 7.3326(—09)
15 h=1/80 x°=50 57588(—11)  2.2115(—09) 6.4525(~11)
20 h=1/100 x°=60 2.9068(—13) 3.2831(-13) 5.2066(—13)

(see [30]). Siddiqi and Arshed [31] used the quintic B-spline collocation method to determine the numerical solution of (68)
subject to the boundary conditions

u(0,t) =0, u(1,t)=0, t>0
U (0,t) =0, uUw(1,t) =0, t>0

The exact solution of (68) according to [31] is

u(x, t) = —Asech? [\/é(x —ct +x°)i| - (b + ;) (69)

Here c is the velocity, A is amplitude of the pulse, b is an arbitrary parameter and x° is the initial position. We apply the difference
method (44.1) and (44.2) for uniform mesh to determine the numerical solution of Eq. (68) and compare the results obtained with
quintic B-spline method of [31]. Excellent agreement is noted. We take the same theoretical parameters asin [31]: A= 0.369, b =
—% and ¢ = 0.868. The maximum absolute errors (for o; = 1) are tabulated in Table 6a at various time levels t = 0.5, 1.0, 1.5 and
2.0. Also, we have solved Eq. (68) numerically using difference method (35.1) and (35.2) for variable mesh with the boundary
conditions corresponding to the data from the analytical solution (69) and compared the maximum absolute errors obtained
using difference method (54.1) and (54.2) for a fixed o = 1.2 in Table 6b. The 3D graphs of numerical solution using method
(35.1) and (35.2) vs exact solution are plotted in Fig. 4 att = 1.

6. Concluding remarks

In this paper, using coupled approach we have presented a kind of new and accurate implicit two-level and three-level vari-
able mesh finite difference methods of O(k? + kh; + h?) and O(k? + h}) accuracy based on Numerov type discretization for the
solution of special types of fourth-order non-linear time dependent parabolic partial differential Eqs. (1) and (26), respectively
using three spatial grid points. Numerical results indicate that the proposed methods are computationally more efficient than
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Table 6b

Maximum absolute errors for Example 6 at various time levels for a variable mesh for o = 1.2, k = 0.05.
t Parameters O(k? + h})-method (35.1) and (35.2)  O(k? + h?)-method (54.1) and (54.2)

N+1 u Uxx u Uxx
05 40 x0=30 16799(-14) 5.6869(—13) 3.2052(—12)  4.4789(-11)
10 60 X0 =40  1.3098(— 16) 7.4029(—15) 8.0684(~15)  8.9990(—13)
15 80 x0=50 11890(—18)  1.2935(—16) 13192(~16)  2.1428(—14)
20 100 x°=60 9.5574(-21) 3.1718(—18) 3.6099(—18)  5.1623(—16)
x10° x10°
-2 -2

iy
\\}Q&&Q\\\\\\\\\\\\
\\\\\\\\\\\\\\
‘&&&&&\

u values
1

s

u values

\‘\\\\\\
‘ “
-5 NN -5
-6 -6
15 15

0.6

0.6

0.5 0.4 0.5 0.4
5 0.2 5 0.2
x values 0 t values x values 0 t values
(a) Numerical Solution (b) Exact Solution

Fig. 4. Example 6: The graph of numerical and exact solution att = 1, o = 1.2, N+ 1 = 40, k = 0.05 and x° = 30.

the corresponding variable mesh methods of O(k? + h,z) accuracy. The order of convergence may be obtained for uniform mesh
by using the formula log (e, /ey, )/10g (h1/hy), where ey, and ey, are maximum absolute errors for two mesh widths h; and
h,, respectively. Numerical results from Table 1 a confirm that the difference method (25.1) and (25.2) in case of uniform mesh
for the solution of differential Eq. (1) is fourth-order accurate, when grid size in time-direction is directly proportional to the
square of grid size in space-direction. Hence, for o; = 1, the proposed difference methods reduces to fourth-order accurate uni-
form mesh methods. There was no need to discretize the boundary conditions and without using fictitious points, we obtained
the solution, thereby eliminating the typical difficulty encountered in using conventional central difference methods. Also we
obtained the numerical solution of uyy as a by-product of method (35.1) and (35.2), which is quite often of interest in many phys-
ical problems. It is shown that the proposed two-level finite difference method (25.1) and (25.2) is unconditionally stable when
applied to a linear equation. The proposed three-level numerical method is also applicable to singular equation which produces
oscillation free solutions even in the vicinity of the singularity, which is an advantage of our work. Numerical results show that
the derived methods are capable of solving effectively a large number of non-linear equations like the second-order Benjamin-
Ono equation and the good Boussinesq equation with high accuracy. The developed methods are straightforward, concise and
effective in solving a large variety of non-linear PDEs. The proposed methods may be extended to solve 2D and 3D fourth-order
non-linear time dependent parabolic PDEs. Further research will be centered on the applications of new methods to some more
practical science and engineering problems such as vibrations of a homogenous beam, inelastic flows and various variants of the
Boussinesq equation.
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