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1. Introduction

The beam is one of the primary components of an engineering structure. Vibration problems related to beams have
various applications in building construction, in mechanical and aircraft designing and in earth sciences. The classical linear
theory of deformation yields the Euler-Bernoulli beam equation which is a standard model that describes the dynamics of
a long, thin and inextensible beam [1,2]. The solution of this equation represents transverse vibrations of the beam from an
initial horizontal position. There exists a linear relationship between stress and strain for small transverse vibrations. Let us
consider a beam of length L with its axis along the x-direction and ¢(x, t) denotes the deflection of the beam from its axis.
Then the governing equation of the one dimensional dynamic Euler-Bernoulli model is given by

2¢ 92 3¢
pA(x)W—i-W(EI(x)W) — f(x,t), Ly<x<Ly, t>0, (1)
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subject to the initial conditions

PR = o). 22 x.0)= (. Ly<x=L. @)

We assume that the beam is simply supported (or hinged) at its ends, consequently the displacement and bending moment
are zero at the ends. For well posedness, it is not essential to impose homogenous boundary conditions and therefore we
consider a generalization of the simply supported boundary conditions given by

92

¢(L0, t) :gO(t), W(LO’ t) =81 (t)s t>0, (3.1)
0%¢

@ (L. t) = ho(t), W(Lht):}h(t), t>0, (3.2)

where L =1Ly — Ly, p is the beam material density, A(x) is the beam cross-section area, El(x)> 0 is referred as the beam
bending stiffness or flexural rigidity and f(x, t) is the load per unit length (source term). The initial and boundary conditions
are given with sufficient smoothness in order to maintain the order and accuracy of the difference schemes under consid-
eration. It is assumed that shear deformations and effects of rotary inertia are negligible so that the equation of motion is
obtained from Euler-Bernoulli model rather than the Timoshenko model (thick beam theory).

The solution of this kind of variable coefficient fourth order parabolic partial differential equation (PDE) is of interest in
several engineering applications ranging from the construction of supporting structures or axles in railway construction to
the development of robotic designs. As the dynamic beam equation (1) involves a fourth order spatial derivative, the bound-
ary treatment is non-trivial and hence it is required to develop methods that can impose physical boundary conditions and
still guarantee stability. Both explicit and implicit methods have been proposed for the solution of beam equation [3-6]. The
explicit method of Collatz [3] is based on 7-point scheme but suffers from severe stability restriction. The scheme suggested
by Crandall [4] is implicit but is based on 11 points while the implicit scheme given by Conte [6] is based on 15 points. The
formula given by Albrecht [5] overcomes stability restriction but is computationally disadvantageous. Numerical solution of
equation (1) by decomposing it into a system of second-order equations have been studied by Evans [7], Fairweather and
Gourlay [8] and Jain et al. [9]. Some discrete Galerkin methods were formulated for approximating a two dimensional linear
fourth order parabolic PDE in [10]. Andrade and McKee [11] derived high accuracy alternating direction implicit methods for
fourth order parabolic equations with variable coefficients in one, two and three space dimensions based on a non-compact
stencil. Twizell and Khaliq [12] evolved a finite difference method from a multiderivative method for second-order ordi-
nary differential equations for the numerical solution of fourth order parabolic PDEs in one and two space variables. Saul’ev
[13] constructed an explicit second order convergent three-layer approximation for fourth order m-dimensional parabolic
equation with a weak limitation on stability. Khaliq [14] developed a predictor-corrector method for the numerical solu-
tion of a homogenous beam hinged at both ends. A fully Sinc-Galerkin method in both space and time for fourth order
time-dependent PDEs with fixed and cantilever boundary conditions was proposed by Smith et al. [15]. High order implicit
difference formulas using a combination of values of ¢(x, t) and ¢«(x, t) for the clamped beam vibration were reported in
[16]. Later, Aziz et al. [17] and Khan et al. [18] developed three level schemes based on spline collocation. Caglar and Caglar
[19] have proposed a fifth degree B-spline method to solve beam equation (1). Rashidinia and Mohammadi [20] reported
spatially fourth order accurate three-level implicit methods using sextic spline in space and finite difference in time direc-
tions. Mittal and Jain [21] presented schemes based on cubic and quintic B-spline functions to create two and three-level
implicit methods for solving constant coefficient fourth order parabolic equations. Recently, Mohammadi [22] proposed an
implicit three level second-order convergent in space direction a sextic B-spline difference scheme.

Among various numerical methods available to approximate a fourth order parabolic PDE such as the finite element
method, spline collocation method, the finite difference method is attractive because of its relative ease of implementa-
tion, flexibility and accuracy in the solution values. The finite difference method broke the area or volume of interest into
a grid system on which the partial derivatives can be expressed as finite differences. The problem then reduces to find-
ing the solution at the grid points as a set of linear algebraic equations called the finite difference equations. However,
higher order approximation on a non-compact cell increases the bandwidth of the coefficient matrix resulting from the
discretization method and ultimately increased bandwidth leads to more arithmetic operations. Thus neither a lower order
method on a fine mesh nor a higher order method on a non-compact cell is computationally efficient. Hence, higher order
compact difference methods which are restricted to the patch of cells immediately surrounding any given grid point are
gradually acquiring recognition. Apart from this, the advantage of developing a compact scheme is its suitability to be used
directly adjacent to the boundary without introducing any extra nodes outside the boundary of the domain. High order com-
pact finite difference schemes have been developed for solving several important PDEs having physical relevance, see e.g.,
[23-25] where supporting numerical studies showing the higher-order rates of convergence were presented. In general, a
direct discretization of fourth order partial derivative involves at least five grid points. Recently, Mohanty and Kaur [26-
29] proposed three-level and two-level compact implicit finite difference methods for two different classes of nonlinear
fourth order parabolic PDEs in one and two space variables using three and nine spatial grid points, respectively. In this
paper, we present two-level implicit difference formulas of order two in time and four in space using 3-point, 9-point and
19-point compact cell for the solution of vibration problem in one, two and three space variables, respectively. The given
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boundary conditions are exactly satisfied and no approximations for derivatives need to be carried out at the boundaries in
the present approach.

The layout of the paper is as follows. In Section 2, we derive the unconditionally stable method for Euler-Bernoulli
beam equation using three spatial grid points at each time level. In Section 3, we discuss the scheme for two dimensional
vibration problem and it is shown to be unconditionally stable. We extend our approach for three dimensional problem in
Section 4 and present the stability analysis. In Section 5, we solve multidimensional vibration problems using the proposed
methods to confirm the correctness of theoretical considerations and wherever possible, the results are compared with the
other existing methods. Conclusions are given in Section 6.

2. Numerical formulation for one dimensional vibration problem and stability analysis

Following Fairweather and Gourlay [8], we introduce two new variables defined by

a¢p 82¢
u= a0 v=EI (x)
Then the beam equation (1) can be rewritten as two simultaneous PDEs of second-order in the form:
9%y ou
32 = PAX) 5L +f(x.t), (x.t) ey (41)
Ez(x)ﬁ % (x.t) € Q (42)

where Q; ={(x,t) : Lo <x <Ly, t >0}. It is noted that since the grid lines are parallel to the coordinate axes and ¢ is
exactly known on the boundary of the solution region €21, this implies that all successive tangential partial derivatives of ¢
are known there. At t = 0, ¢ is prescribed so its tangential partial derivatives ¢x, @xx. ... are known at t = 0, i.e., the values
of u and v are known at t = 0. Likewise, u and v are known on all sides of ;.

In order to determine the numerical solution of the above initial boundary value problem, we divide the interval [Lg, L;]
into (N + 1) subintervals each of length h>0 so that L; — Ly = (N+ 1)h, N being a positive integer. Let 7 >0 be the step
size in the temporal direction and A = (t/h?) > 0 be the mesh ratio parameter. The solution region €2, is replaced by a set
of grid points (x;.t;) = (Lo +lh, jT), I=0,....N+1, j=0,1,.... Let U/, V/ be the exact solution values and u/, v/ be the
approximate values of u(x, t), v(x, t), respectively at the nodal point (x;, t;). For S=U, V, we denote

gat+bg
Sab:(axﬂatb> ,a,b:O,l,Z,...
(%1,£7)

Consider the following approximations:

f}:tj—f—@‘[, 0<6 <1, (5.1)
U/ =00/ + (1 -0)U/ =U/ + 07Uy + 0(z2), (5.2)

U, =0U/ + (1 -0)U}, =UJ, +01Uy £0ThUy; +O(th? + 12), (5.3)
0] = U =)/t = U] + 2Up +0(22), (5.4)

Ul =W -ulp/r=u + U02 + hm2 +0(th? + 72), (5.5)
Ul, = (T, —20] + U] )/ = U}, + 07Uy +O(x% + h?), (5.6)
Fl = f(x.t) = F/ + 0ta +0(z?), (5.7)
Flil f(e1.5) =F, +0ta) £0ThB] + 0(zh? + 72, (5.8)
where Flir = f(Xjgr. tj), T=0, &1, 0‘1 (df>(x1 . and ﬂlj = (%)(mﬂ. Similar approximations are defined for the solution

variable v(x, t).
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A difference method of O(t2 + h?) for the system (4.1)-(4.2) may be written as
Vd, = —pAU; +F +0(z? + h?), (6.1)

ENUL, =V +0(t?+h?), I=1,....N, j=0.1,... (6.2)
for & = 1/2, where A; = A(x;) and El; = El(x;). The displacement ¢(x, t) at the point (x;, t;) may be obtained from the values
of U/ and V;/ by means of the algorithm

EL (o1 =20/ +¢")) =n?V/T +0(h*). I=1.....N, j=0.1,... (7)

I+1

A difference method of O(t2 + th? + h*) for the system (4.1)-(4.2) may be written as

g h2 .
82V = _% [A1(12 4 82) + hAy, (241:8,) + h?Aw ]0F +

El h? =i
[6511 — h? (E;‘I’)Elx, + ZEIXX,}S,%U{
h? hEL =i hEL Py ,
2[(1_ Ezf'>"rfl+10‘47+<” 517'>Vr11]”/”’,l=1,~--,N,J=0»1,..- (82)

where 6 = 1/2 and the local truncation errors are given by T‘ljm = 0(72h? + th* + h%) and le(z) = O0(12h? + th* + h®). Here
8y and juy are the central and average difference operators, respectively with respect to x-direction. When toch?2, that is, for
a fixed value of A, the method (8.1)-(8.2) become O(h*) accurate in space.

Differentiating (4.1)-(4.2) with respect to ‘t’ at the grid point (x;, t;), we obtain

h? =~y =i
[+ 105 + B, ]+ 77" (81)

Vo1 = —pAUo2 + 05117 (9.1)

EL U3 = Vi (9.2)

By the help of approximations (5.1)-(5.8), from (8.1), we obtain

82V) + 0Th?Vy + O(x2h? + Th) = — ﬂ [A,(lz +82) + hAy, (214x8x) +h Axx,] A

1

h2 Th? S
+ 35 [Fly + 105 + B ] = PEE AU + 6Tl + T (10)
Further the following relation holds:
) h? ) .
82V = p 5 (41124 87) + Ay (2ux8) + WA, U] [,+1 +10F/ + F/ ]+ 0(h%) (11)
Substitutmg (9.1) into (10) and using the relation (11), we obtain
Ti (9 - f)p‘cthlUOZ +0(22h2 + Th* + hF) (12)

For the proposed method (8.1) to be 0(t2 + th? + h*), the coefficient of Th? in (12) must be zero. Thus we obtain 6 = 1,2
and the local truncation error reduces to fl’m = 0(t2h? + th* + hb).

Using the approximations (5.1)-(5.6), the relation (9.2) and 0 = 1/2, the local truncation error reduces flj(z) associated
with (8.2) is obtained as T/ = 0(2h? + Th# + hS).

Finally, the displacement ¢(x, t) at the grid point (, ¢;) may be obtained from the values of UJ and V’ by means of the
following Numerov type algorithm:

|:6EI,—h2(EIx’)EIx, i Elxx,i|(¢,’jll 20"+ 9]1))

2
- ’12[(1 - hf,”“)‘/,fﬂ 10V 4+ (1 + hg’x')vf“} LO(), [=1,....N. j=0.1.... (13)
l
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For a homogenous beam, both EI and A are constants, then Eq. (1) reduces to

@+6284¢ _f&x)

o PO = pa o Dt (14)
where ¢ = %.
Now, we consider a fourth order parabolic equation with variable coefficient of the form considered in [11]:
2 4
0 bl l —fwn, woenn (15)
For this case, u and v are defined as
_9 %9
I R

The variable coefficient fourth order parabolic PDE (15) can be rewritten as two simultaneous PDEs of second-order in the
form:

B(x, r)a vV % +F0), (16.1)

0%u v

_—= 16.2

x2 — ot (16.2)
A central difference method of O(t2 + h?) for the system (16.1)-(16.2) may be written as

BV, = -U} +F +0(z? + h?), (17.1)

Ul =V) +0(z2 + h?), (17.2)

for & =1/2 and §,] = B(xl,?j). This method in conjunction with the following second order scheme is used to calculate the
value of ¢(x, t) at the grid point (x;, t;):
¢l =20/ + ¢ =2V o), 1=1,...,N. j=0.1,... (18)

1+1

A difference method of O(t2 + th? + h*) for the system (16.1)-(16.2) may be written as

R Joom:  R2 hB] _ hBj,
J 2 J J 2y _ X, i) J J
|:GB —h ( )B 2Bxxl]sxvl - [(1_ = ')UtH—HOUtl—k( = )U[H]
l 1 1

h? hB} hBI \ -
S-SR 0B (1 )R,
l I

+0(t2h? + Th* + h5), (19.1)

h2

2[5 _
Ul = =

[v + 1ovf +vf ] +0?h? + Tht + h®), (19.2)

for 6 =1/2 and BX = Bx(x;, t ) etc.
Using the techmque dlscussed in [28], we obtain the following fourth order difference scheme to (16.1):

6B/ — h? i’ Bl + ﬁBj 82y
Bl XI 2 XX| X"l
h2 hB] < th
=_-2[<1 %’ Ul +10U] + (1 & Ul
h? hBj, hB\ .
+5 [( = ) .+ 10F/ + ( B;”)aﬁ] +0(h®). (20)
1 1
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Using the approximations (5.1)-(5.8) in (19.1) and by the help of Taylor’s series, we obtain
j

) B K2 ) ) )
|:6B{ — h? <B*jf>3§1 ZB,’(XC|8,%VIJ +660Th?(BlVay + B] Vao) + O(z*h? + Th?)
I

h? hB! . th
:_2[<1 B"’)Uf’”JrlOUt{Jr( Yo, |- ehius
1 1
2 hBj, hB.\ ;
+’72 [( = ) .+ 10F) + (1 B;")Fﬂ 1] +60Th] + (LTE), (21)
1 1

where (LTE); is the local truncation error associated with (19.1). Differentiating (16.1) with respect to ‘t’ at the grid point
(1, t;), we obtain

B/Va1 + B] Voo = —Up + &t} (22)

Using the above relation and the difference formula (20) in (21), the local truncation error (LTE); associated with (19.1) is
obtained as

(LTE), = 6(9 - %)tthoz +0(r2h? + Th* + 1) (23)

The proposed method (19.1) is of O(z2 + th? + h*) if the coefficient of th? in (23) is zero. Thus we obtain § = 1/2 and
the local truncation error reduces to (LTE); = O(t2h? 4+ th* + h). Similarly, the local truncation error (LTE), associated with
(19.2) is obtained as (LTE), = O(t2h? + th* + h®).

Using the following Numerov type scheme, the displacement ¢(x, t) at the grid point (x;, ;) is obtained as

ol - 20" + ¢t = [vlfl] +10V VI T+ o), 1=1.... N, j=0.1.... (24)
To discuss the stability, we con51der the following linear fourth order parabolic PDE in one space variable:

02 04

an+7¢—f(xt) Lo<x<Ly, t>0, (25)

which is the governing equation of forced transverse vibration of a uniform beam.
Applying methods (17.1)-(17.2) and (19.1)-(19.2) to the above equation results in the following block tridiagonal matrix
structure:

Ayt =Byl +¢, j=0,1,... (26)
where

_ A] Az _ A] —A2 _|u 1€
S L A R RS

The matrices A and B are 2N x 2N block tridiagonal while y and ¢ are column vectors of order 2N. Also, u=
(ug,uy, ..., un)T, v=(v1,v9,...,vy)T are solution vectors; ¢y, ¢z are right-hand side column vectors of order N that consist
of homogenous functions, initial and boundary values of the block system (26). The submatrices for the method (17.1)-(17.2)
are given by
A

A =[0,1,0], A; = 5[1, -2,1]
and the submatrices for the method (19.1)-(19.2) are given by

A =[1,10,1], A, =6A[1, -2, 1],

where [a, b, c] denotes the Nx N tridiagonal matrix whose eigenvalues are given by b +2+/accos(20)), 20, = (Iw)/(N +
1), 1=1,..., N. For discussing the stability, we consider the homogenous part of (26), which may be written as

y*'=(@A'By. j=01,... (27)

j
Let ¢/ =y/ —YJ be the error vector at the jth iterate (in the absence of round-off errors), where YJ = |:$:| . The error
equation may be written as
et'=Hel, j=0,1,...

where H = A-'B is the amplification matrix.
The eigenvalues of A; and A, for method (17.1)-(17.2) are given by o, =1 and B, = —2A sin? o forl=1,..., N, respec-
tively. The submatrix Az has N different eigenvalues so it has N linearly independent eigenvectors v}, [ = 1,..., N. Although
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the submatrix A; has N eigenvalues each equal to 1, it has N linearly independent eigenvectors which may be taken as v,
I=1,...,N since the eigenvalue equation Aqv; = 1.y, is satisfied. Hence the eigenvalues of matrix A are the eigenvalues of
the matrix

|: Q) ,31i|
-8 o

where «; and B, are the Ith eigenvalues of A; and Ay, respectively (see [30]). Thus, the eigenvalues of matrices A and B for
the difference method (17.1)-(17.2) are given by o, £if, I =1,...,N.

The eigenvalues of A; and A for method (19.1)-(19.2) are given by n, =12 — 4sin® oy and y, = —24A sin? o for I =
1, ..., N, respectively. In this case, the submatrices A; and A, commute and have linear elementary divisors so they have a
common system of eigenvectors. The eigenvalues of A are the eigenvalues of the matrices

m Vi
Vi m

Thus, the eigenvalues of matrices A and B for the difference method (19.1)-(19.2) are given by n, £iy,, [=1,...,N (see

(30]).
Since the matrices A~! and B commute each other, eigenvalues of the amplification matrix H are given by:
o +ip, o —ip, |
= — = —, I=1,...,N,
El, 0‘1 _ 1131 521 al + 1[3[
for method (17.1)-(17.2) and for the method (19.1)-(19.2):
n+m 1)/1 — iy
&, = £, =—"—1 I=1_..N
"y - n '71 +iy’

It is noted that |$il|_1, I=1,...,Nfori=1,2.

For the matrix method of stability analysis, the Lax-Richtmyer condition [30], |[H|| <M, j=1,2,..., where M is a posi-
tive number independent of h, T and j is equivalent to ln?ax |§ | <1, i=1,2. Since the magnitude of all the eigenvalues of

H is equal to one, there is no condition on h and t that will necessarlly cause an instability. Further, it is noted that since the
matrices A~! and B commute each other, it follows that H is an orthogonal matrix, so |H|; = \/p(HTH) = \/,o(H—lH) =
v p(I) = 1. The Lax-Richtmyer definition of stability is satisfied by the amplification matrix H. Thus the proposed methods
(17.1)-(17.2) and (19.1)-(19.2) are unconditionally stable.

We see that the proposed difference methods (17.1)-(17.2) and (19.1)-(19.2) are consistent with the differential equations
(16.1)-(16.2). Hence by Lax Equivalence Theorem [30], the methods (17.1)-(17.2) and (19.1)-(19.2) are convergent for uniform
beam vibration (25).

3. Difference scheme and stability for two dimensional vibration problem

We consider the problem of determining transverse vibrations of a thin plate of variable density or cross section hinged
at its boundaries. The governing equation is

02 94¢ 94¢ 94¢

o +A(xyt)( 2+ 5 ) Fxyt), Lo<xy<Ly, t=0, (28)
The initial conditions associated with (28) are

O(x,5,0) = Poo(x,¥), ¢(x,y,0) =dn(*,y), Lo<xy=<L (29)
and the boundary conditions are given by

O Lo, t) =aio(x,t), @y Lo,t) =axnkt), Lo<x<l, t>0 (30.1)

o, Li,t) =an(x.t), ¢y Li,t) =anx.t), Lo<x<L;, t>0 (30.2)

¢ (Lo, Y. t) =bo1 (v, 1), ¢xx(Lo,¥.t) =boa(¥,t), Lo<y <Ly, t>0 (30.3)

@L1.y.t) =bu(.t), (L1, y.t) =bpp(y.t), Lo<y<Ly, t>0 (304)

Let u= % v=V2¢, where V2= "—2 + ;’—2 represents the two space dimensional Laplacian. Then Eq. (28) may be
written as second-order system:
0%y 0%y 8u
Ay (55 + 372) S F D), (311)
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Pu i
ox2  0y2 ~ ot

Let Q, ={(x,y.t) : Lo <X,y <Ly, t > 0}. Note that since the grid lines are parallel to coordinate axes and ¢ is exactly
known at the boundary, this imples that all successive tangential partial derivatives of ¢ are known at the boundary of 2.
For instance, at y = Ly, the values of ¢ and ¢y, are given, then the values ¢y, ¢x, ... are determined at y = Ly. This implies
that V2¢ = ¢ + ¢yy is known at y = L. In a similar way, the values of u and v are known on all sides of €2,.

The solution region €2, is covered by a rectilinear mesh with spacing h >0 and t >0 in the space and time coordinates,
respectively. The grid points are given by (X1, ym, t;) where x; = Loy +h, ym =Lo+mh; L m=0,1,...,N+1 with (N+ 1)h =

Ly —Lp and tj=jT, j=0,1,.... Let U m Vljm be the exact solution values and uf m v{ n be the approximate values of

u(x, y, t), v(x,y, t), respectlvely at the nodal point (x;, ym, t).
Consider the following approximations, for p,q =0, +1:

(31.2)

(7 j+1 J
Ul pmiq (Ul+p,m+q Ui, m+q)/2’ (32.1)
. i1 .
Ut]l+p.m+q = (Ul]+p,m+q - Ul]+p,m+q)/r’ (322)
P i e )
Uy, = (Ol =20}, + UL ) /12, (32.3)
Uj”}’lm = (Ul m+1 2U +UlJm 1)/h2’ (32~4)
Flip mtq f(xl+p,.)/m+q,/t;‘)- (32.5)
An 0(t2 + h?) method for (31.1)-(31.2) may be written as
A\{,m (V;‘j;‘hn + V)Jyl ) = _l’jg,m + T:;]m + O(tz + hz)’ (331)
i) Vi 2 2
U, + Uy, =VJ +0(?+h?), (33.2)

where K{ = A(X, Ym, t]) The above difference scheme in conjunction with the following method is used for obtaining d)“l
at each time step:

ol ol Ll el —4glt =RV oY), Lm=1,.. N, j=01.... (34)

I+1,m I-1,m LLm+1 I,m-1

An 0(t2 + th? + h*) method for (31 1)-(31.2) may be written as

- Al N @
[(GAII,TTI h2<[,q\j.l'm )Axlm - < ylm J]/Im A’](le +A§Y! )>(82 +82) +A] 8282}
I.m
h? h;\’j; m J J hAX m ) (FJ i/
= 7 [(1 N A\]" (Fl+1 m- Ufm.m) T+ A\jl (F;—l‘m - U[,,l.,,,)
I.m

hAL N\ AL\ (=i SO
+ (1 - A\jym ) (s = U, + (1 + Ajym )( I m-1 U] ) T 8(F, U[]"")i|

+

I.m I,m
+ 0(z2h? + th* + h®), (35.1)
2, sy L 28210 ol L 0i a0 LU i
[6(8X + 8}’) + 8" 8Y]Ul.m = 2 [Vflnm + thfl;m + th‘mﬂ + th‘m—l + 8Vfl,m]
+0(t2h? + Th* + h) (35.2)

Using the above difference scheme, we find the quantities Uljm and Vljm. The function values ¢ljm at the point (x;, ym,

tj), L m=1,...,N may be obtained by solving at each time step the Poisson equation V2¢ =v(x,y,t) using the following
scheme:

l+1m llm

[6(53+5§)+5§52]¢f“ %[vf+l +VI VIR VI sV on®), j=0.1.. (36)
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To discuss the stability, we consider the following linear fourth order PDE in two space variables:

aat?+v4¢(xyt)—f(xyt) Ly<x.y<Ly, t>0. (37)

Applying methods (33.1)-(33.2) and (35.1)-(35.2) to the differential equation (37) results in the block tridiagonal matrix

structure of the form:

Pyt =Qy/+r, j=0,1,... (38)

T ) S ) _|u _|n
e[ B es[n W) oe[) o[

The matrices P and Q are 2N? x 2N? block tridiagonal, y is 2N? component solution vector and r denotes the 2N? component
column vector of known boundary and right hand side function values of the block system (38). The submatrices for the
method (33.1)-(33.2) are given by

where

Py =[C.D.C|. B, = L[E.F.E]

where
C=1[0,0,0], D=E=1[0,1,0], F=[1,-4,1]

and the submatrices for the method (35.1)-(35.2) are given by
Py =[LJ.1], P, = A[L M, L]

where

I1=[0,1,0], J=[1,8,1], L=[1,4,1], M = [4, -20, 4]
The eigenvalues of P; and P, for method (33.1)-(33.2) are given by o =1 and ﬁl = —2A(sin? 0, + sin? Cm), for L m=
1,..., N, respectively, where 20, = (zl)/(N+1), I =1,2,....N and 2{m = (xm)/(N+1), m=1, 2,... N. Thus, the eigen-
values of matrices P and Q for the difference method (33.]) (33 2) are given by ¢ +if; .. I, m=1,...,N. The eigenvalues

of P; and P, for method (35.1)-(35.2) are given by

Mm =12 —4sin® o, —4sin® &, Lm=1,...,N,

and

Vim = —A(241 sin® 0, + 24\ sin® & — 16 sin° 0;(1 — cos? tm)). Lm=1,..N,

respectively. Thus, the eigenvalues of matrices P and Q for the difference method (35.1)-(35.2) are given by Mim 1Y me
ILm=1,...,N. '
Hence the eigenvalues of the amplification matrix P~1Q for method (33.1)-(33.2) are given by:

Q. +i _—
&, = - ﬂlm7 sz,mZ ﬂl'm, Im=1,...,N
al m 1'Bl m 1:31 m
and for the method (35.1)-(35.2):
+i —i
51,_,":7)[111_7-%’ gz,vm=M, Il m=1,... N.
Mm—Wim Mmn T Wim

It follows immediately that these eigenvalues are equal in modulus to unity and the proposed implicit schemes are stable
for all mesh sizes.

4. Difference scheme and stability for three dimensional vibration problem

Consider the following three-space dimensional variable coefficient fourth order parabolic PDE:

2

%t(f +AX Y, 2,V (X, y,2,t) = f(x,y.2,t), Loy<xy.z<Ly, t>0, (39)
subject to the following initial conditions:

¢(X’y7 Z, 0) = ¢000(X1yvz)7 ¢[(x’yv z, 0) = ¢111 (X7y1 Z)v LO < X’y12 < L1~ (40)

Boundary conditions of second kind:

2
¢ and ?97(125 prescribed at the boundary, (41)
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where n is the outward normal vector to the boundary of solution domain are given.

]
Let u = a—q: v=V2¢(x,y, zt), where V2 = daxzz + - y2 + 622 is three space dimensional Laplacian. Eq. (39) can now be
rewritten as two simultaneous second-order PDEs of the form:

v v vy _ 3
Ax, Y,z t)<8x2 57 + azz) = +f(x Y.z, t), (42.1)

o%u 0w 0w _ ov
Ty T a2 T ae

Let Q3 ={(x.y.z,t) : Ly <X,y.z < Ly, t > 0}. Using the given boundary conditions (41) and successive tangential partial
derivatives, the values of u(x, y, z, t) and v(x,y, z,t) are known on all sides of the solution region €23. In order to determine
the numerical solution, we replace the solution region 23 by a rectilinear mesh with step size h> 0 in x-, y-, z-dimensions
and 7 >0 in t-direction. The grid points are given by (x1.ym.zn.tj) = (Lo + lh, Ly + mh, Ly + nh, jT); L m,n=0,1,....N+1
with (N+1)h=L; —Lgand j=0,1,.... Let U} . V] '
values of u(x, y, z, t), v(x,y.z.t), respectlvely at the nodal point (x;, ym, zn, t;).

Consider the following approximations, for p,q,r =0, +1:

(42.2)

be the exact solution values and u/

j .
Lmn Vimn be the approximate

+1
Ul]+p m+q,n+r (Ul]+p m+q,n+r + Ul]+p m+q, n+r) /2’ (43‘1 )
iTi j+1 j
Uf]upmq.w = ( l]+p.m+q,n+r - Ul]+p.m+q,n+r)/f’ (43.2)
U\’{Xl,m,n (Ul]+l m,n - 2L/]\ljmn + ijlj—l.m,n)/hz’ (433)
UJ{J/Lm.n = (Ulj,m+l,n - 2Ul{m,n +U lm 1 n)/hz (43'4)
ﬁzjzl.m.n = (UI{m,n+l - 2UI m,n + Uljm n— l)/hz’ (43‘5)
i:;ipvmﬁ_q_n“ = f(Xi4p: Ymeqs Zn+rvﬂ)- (43.6)

An 0(t2 + h?) method for (42.1)-(42.2) may be written as

Aljm n(vxj;ﬂ,m,n + VYJ)’lmn + Vljlt,m,n) = _l’jt]l:m‘n l mn T O(t + hz) (44.1)

ﬁ){xlmn + UJ{JHmn + i]\zjzl.m.n = V\t{_m_" + O(‘L’2 + hz)’ (44'2)
where A mn =A(X[, Ym. Zn, t]) The above scheme in combination with the following second order scheme is used to calcu-

late the value of ¢(x, y, z, t) at each internal grid point (x;, Ym, zn, t;):

j+1 j+1 j+1 J+1 J+1 J+1 j+1
¢l+1,m,n I-1,m,n ¢l,m+1,n ILm-1,n ¢1,m<n+1 Imn-1" 6 d)l,m,n
=/ +om*), Lmn=1,....N, j=0,1,... (45)

An 0(t2 + th? + h*) method for (42.1)-(42.2) may be written as
[1(87 + 8} +82) +A, (828 + 8782 + 8282)] -
BB 0L Rl B )+ BB )
+ R4(Fl m—1,n [’jt]l‘_m—l.n) + R5(Fl m.n+1 Utjlmnﬂ) + RG(FI mn—-1 ijt]l‘.m.n—l)

+6(F,, —Gt{m)} +0(t?h? + th + 1), (46.1)
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[6(82 + 82 +62) + (8282 + 6262 + 8282)|U}

Im,n

2 . . . . . . .
= 7 [‘/tfﬂ.m.n + ‘/t{—l.m.n + ‘/t{.mﬂ.n + ‘/t{.m—l.n + ‘/t{.m.nﬂ + ‘/t{.m.n—l + 6‘/[{.m.n]

+0(t%h? + th* + k%), (46.2)
where

J’_

h2 —~ —~
(A}I(Xl.m.n + AJJ’y'.m.n + Aézl.m.n)’
hAj hA} hA}
R4:(1+ ,\jyl'm‘"),R5=<1AjZl'm'">yR6 <1+Ajz”“”>
Al.m,n Al,m.n Al,m,n
Poisson equation V2¢ = v(x,y, z, t) using the following scheme:

Al Aj Aj
f—6A ne( D A g B a3
Lm,n A‘j X1.m.n A‘j Yimn A‘j Z1m.n
I,m,n I,m,n I,m,n
2
2
hA} hA] hAj
R, = (1 _ ijl‘m_n)’ R, = (1 + ijl,m,n>7 Rs (1 _ Ajyl,m.n>’
Al,m,n Al.m,n Al,m,n
Using the above difference method, we get the solutions U,jm o and Vljm o at the grid point (x;, ym, zn, t;). The solution values
@(x, y, z, t) at the points (X, ym, zn, §;), L m,n=1,...,N, j=1,2,... may be obtained by solving at each time step the
j+1
[6(87 +8; +82) + (878) + 8,82 + 8280) |9l

_ E[Vj+1 +Vljj] +Vj+1 +Vj+l +Vj+1 +Vj+1 +6Vj+1]+0(h6),

2 I+1,m,n 1,mn Lm+1.n I,m-1,n I,m,n+1 I,m,n—-1 Im,n
ILmn=1,...,N, j=0,1,.... (47)
To discuss the stability, we consider the following linear fourth order PDE in three space variables:
2
%+V4¢(x,y,z,t)=f(x,y,z,t), Lo<xy,z<L;, t>0 (48)

The methods (44.1)-(44.2) and (46.1)-(46.2) when applied to the above equation leads to the following system of equa-
tions:

; A ; . A . ~
1 2, 82 4 82yy,0+1 2, 82 82
ulj.+m,n + 5(8,( + ‘Sy + ‘Sz )vﬁn.n = u{,m,n - j(‘sx + ‘Sy + 8z)ulj.m,n + kFl,jm,n* (49.1)
A §2 4 82 4 82)udt! i _ A 82182 L s J 492

_5( x T0y + Z)ul,m,n +Ul.m,n - i( x T 0y + Z)ul.m,n +vl,m.n’ (49.2)
and
(12+ 82 + 87+ 82)ult! + A(657 + 658} + 657 + 8257 + 8382 + 8282 )vlt!
= (124682 + 87 +82)ul .+ A(687 + 65 + 652 + 5257 + 8287 + 8282)v] .,

+ k(12 + 82 + 82 + 82)F . (50.1)

— M(682 + 687 + 652 + 8287 + 86262 + 8282 ult! + (124 8% + 87 + 82wt
= M(68% + 657 + 662 + 8287 + 8262 + 8282 |+ (12482 + 82 + 8D, . (50.2)
respectively, which results in the block tridiagonal matrix structure of the form:

Syt =Tyl +d, j=0,1,... (51)

where

_ S] SZ _ S] —Sz _|u _ d]
IR S R A

The matrices S and T are 2N3 x 2N3 block tridiagonal, y is 2N3 component solution vector and d denotes the 2N component
column vector of known boundary values and right hand side function values of the block system (51).
The eigenvalues of S; and S, for method (49.1)-(49.2) are given by o, =1 and B, =—2A(sin® o, +sin® {m +

sin® wp), for I,m,n=1,...,N, respectively, where 20 =(xl)/(N+1), I=1,2,...,N, 2{m = (wm)/(N+1), m=1,2,....N
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Table 1
Observed absolute errors by the proposed O(t? + th? + h*) algorithm for Example 1 with different values of the parameters N + 1
and t at various time intervals.

Methods t N+1 T x=0.1 x=02 x=03 x=04 x=0.5
Proposed method  0.02 20 0.00125  8.0105(-07)  1.5237(-06)  2.0972(-06)  2.4654(-06)  2.5922(-06)
40 5.1080(—-08)  9.7161(—08) 1.3373(-07) 1.5721(-07) 1.6531(-07)
CPU time (s) 0.02 20 0.00125  0.0191 0.0183 0.0183 0.0184 0.0186
40 0.0356 0.0315 0.0322 0.0308 0.0310
Proposed method  0.05 20 0.005 9.9372(-07)  1.8902(-06)  2.6015(—06)  3.0583(-06)  3.2157(-06)
40 1.7033(-07)  3.2399(-07)  4.4594(-07) 5.2424(-07)  5.5122(-07)
CPU time (s) 005 20 0.005 0.0241 0.0248 0.0242 0.0244 0.0246
40 0.1496 0.1483 0.1489 0.1512 0.1513
Ref. [21] 0.02 181 0.005 1.50(—-07) 2.90(— 07) 3.90(-07) 4.60(—07) 4.90(-07)
0.05 1.10(-06) 2.09(-06) 2.88(—06) 3.38(-06) 3.56(— 06)
Ref. [19] 002 121 0.005 4.80(—06) 9.70(-06) 1.40(-05) 1.90(-05) 2.40(-05)
191 5.20(—-06) 2.10(-06) 3.10(-06) 4.20(—06) 5.20(-06)
521 4.90(-07) 9.90(— 07) 1.40(—-06) 1.90(—-06) 2.40(-06)
Ref. [17] 0.02 20 0.00125  9.20(-06) 7.90(—06) 2.80(—06) 9.80(—07) 2.50(—06)
0.05 0.005 9.30(-06) 8.00(—06) 2.80(-06) 1.00(-06) 2.70(—-06)
Ref. [18] 002 20 0.00125  9.07(-06) 7.79(—06) 2.75(—06) 1.01(-06) 2.59(-06)
0.05 0.005 1.87(-06) 2.13(-05) 1.49(-05) 8.60(—06) 5.96(—06)

and 2wy, = (mn)/(N+1), n=1,2,...,N. Thus, the eigenvalues of matrices S and T for the difference method (49.1)-(49.2)
are given by oty 18, Lmn=1,....N.
The eigenvalues of S; and S, for method (50.1)-(50.2) are given by

Mmn = 12 —4sin® o, — 4sin® &y — 4sin® w,, L mn=1,...,N,

and

Vimn = —)»[24(sin2 0, + sin® & + sin® wn) — 16( sin® 0, (1 — cos? &) + sin® &m (1 — cos? wy)
+sin® wa (1 — coszo,))], I mn=1,... N,

respectively. Thus, the eigenvalues of matrices S and T for the difference method (50.1)-(50.2) are given by Nmn iiyl.m.n’
ILmn=1,...,N.
The eigenvalues of the amplification matrix $~1T for method (49.1)-(49.2) are:

_ ) T i'Bl,m,n _ Y~ ilgl,m.n | -1 N
é.1l.m.n - o _ 1/3 ’ Ezl.m.n - o + 1/3 »hmn=1,...,
I,m,n I,m,n IL,m,n I,m,n
and for the method (50.1)-(50.2):
Mmn + i7/l,m,n Mo — iyLm,n
Tn = 77— ])/ v S, = 74» 1y s l,m,n =1,...,N,
nl,m,n I,m,;n nl,m,n IL,m,n

which are equal in modulus to one and hence the proposed schemes are unconditionally stable.
5. Numerical examples

In this section, we present numerical results to validate our theoretical considerations. The matrices represented by the
proposed formulas are block tridiagonal. Gauss—Seidel iteration method has been used for solving coupled system of equa-
tions [31,32] and in each case the iterations are terminated once the absolute error tolerance 10-12 has been reached. For
all the tests, the used CPU time has been reported in the tables.

Example 1. In order to compare our method with the existing techniques, we consider homogenous beam equation
(14) with EI = p = A =1 having the form [17-19,21]:

2

%Tf+T£ (m* —1)sinmwxcost, O<x<1, t>0 (52)
with the exact solution

@(x,t) = sinwxcost

We applied the proposed O(t? + th? + h*) algorithm to this problem with h = 0.05,0.025 and T = 0.00125, 0.005. The com-
puted solutions are compared with the exact solutions and the absolute errors at points x = 0.1, 0.2, 0.3, 0.4, 0.5 are reported
in Table 1 at time levels t = 0.02 and t = 0.05 using 16 and 10 time steps, respectively. The approximate solutions obtained
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Table 2
Maximum absolute relative errors for Example 2 at t = 0.01 for various values of A = 7/h?.
A h T Proposed CPU O(t2 +h*)-  O(t*+h*)-  Method Method
0(t? + th* + h*)-  time method method discussed  discussed
method (s) discussed discussed in [12] in [11]
in [20] in [20]
0.05 005 0000125 2.9321(-11) 0.0214  5.21(-08) 5.33(—08) 9.90(-08)  1.90(—06)
0.1 0.00025  4.0843(-12) 0.0189  1.03(-07) 9.97(—08) 8.10(—08)  7.20(—07)
0.25 0.000625  3.7383(—12) 0.0169  3.74(—08) 3.51(-08) 6.90(—08)  4.10(—07)
Table 3
Observed absolute errors by the proposed algorithm for Example 3 with different values of the parameters N+ 1 and 7 at various time
intervals.
Methods t h T x=0.1 x=02 x=03 x=04 x=0.5
Proposed O(z2 + th®> +h%) 002 005 000125 2.0025(-10) 3.3994(—-10)  7.5562(—10)  1.0342(—09)  1.2053(—09)
method 0.05 0.005 6.2981(—09)  3.9246(-09)  4.7315(-09)  4.9752(-09)  5.2624(—09)
CPU time (s) 0.02 0.05 0.00125 0.0409 0.0425 0.0411 0.0395 0.0409
0.05 0.005 0.0322 0.0305 0.0327 0.0332 0.0313
0(t2 + h*) method in [20] 002 005 000125 8.63(—08) 3.59(—08) 6.29(—08) 1.63(—08) 2.97(—08)
0.05 0.005 8.56(—08) 5.14(—08) 9.03(—08) 2.39(—08) 4.61(—08)
O(r* + h*) method in [20] 002 005 0.00125 8.42(—08) 2.62(—08) 5.32(—08) 1.45(—08) 2.89(—08)
0.05 0.005 8.35(-08) 4.51(-08) 8.25(—08) 2.33(-08) 4.52(—08)

are also compared with the results of [17-19,21]. It is observed that the present approach uses less spatial grid points and
still gives smaller absolute errors than the methods employed in the previous work.

Example 2. Consider the following homogenous fourth order parabolic equation:
9%¢ 1 x4\ 049 1
1 99 _o = 1, t>0 33
oz \xt10)axa =" 2=¥=h b= (53)

The exact solution for this problem is

d(x,t) = (1 + 1}<250> sint

The approximate solutions are computed at t = 0.01 with h = 0.05 and = 0.000125, 0.00025, 0.000625 over 80, 40 and 16
time steps, respectively using proposed O(t2 + Th? + h*) method. The maximum absolute relative errors defined by

O (x;,t) — P(x;,t) _
‘W" I=1....N,

where ¢(x, t), ¢*(x;, t) denote the numerical and exact solutions, respectively are presented in Table 2 at t = 0.01. The
proposed method produces more accurate results in comparison with the existing methods of same accuracy O(t2 + h%).

max

Example 3. Consider the following homogenous fourth order parabolic equation with variable coefficient:
0%¢ X 0%
- ——1)-—=0, 0 1, t>0 54
at2 + (smx ) ox* =xs g (54)
The exact solution for this problem is
P(x,t) = (x —sinx)e™*

The absolute errors using the O(z2 + th? + h*) scheme at points x = 0.1,0.2,0.3,0.4, 0.5 are given in Table 3 at time levels
t =0.02 and t = 0.05 using 16 and 10 time steps, respectively with h = 0.05, T = 0.00125 and 7 = 0.005, respectively. The
results are compared with the methods discussed in [20] and are found to be much more accurate. We present the two-
dimensional visual comparison between numerical and exact solutions at t =1,2,3 and 4 for A = 1.6 using the proposed
0(t? + th? + h*) method in Fig. 1.

Example 4. Consider the following Euler-Bernoulli beam equation with the exact solution ¢ (x,t) = (sin® wx + x)t2et:

82—(1)4—8—2 (1-|—sinm<)i =f(x,t), 0<x<1, t>0 (55)
atz = 9x2 ox2 ) ’ ’
and f(x, t) is consistent with the exact solution. The maximum absolute errors (MAEs) at t = 1,4 and 8 are tabulated in
Table 4 for a fixed value of the mesh parameter A = 1.6 with N+ 1 =8, 16,32 and 64 using the derived O(t2 + th? + h%)
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0.06 : )
— t=4 Exact
O t=4 Num.
0.05 — =3 Exact
> t=3 Num.
0.041 t=2 Exact b
t=2 Num.
8 0.03} ——t=1 Exact |
3 O t=1 Num.
©
>
< 0.021 a

-0.01 ‘ ‘ ‘ ‘
0 . . .
x values

Fig. 1. Example 3: Comparison between numerical and exact solutions of Eq. (54) at different times.

Table 4
MAEs and order of convergence for Example 4 at t = 1,4 and 8 using O(t2 + th? + h*) method.
h t=1 t=4 t=8
MAE Order MAE Order MAE Order
1/8 ¢ 8.7717(-03) - 6.7337(-03) - 5.9814(-04) -
P 2.7453(-01) - 2.0857(-01) - 1.9327(-02) -
CPU time (s) 0.0522 0.1592 0.3057
1/16 ¢ 5.1038(-04)  4.1032 3.9594(-04) 4.0880 3.5996(-05)  4.0546
¢ 1.5713(-02) 41269 1.2402(-02)  4.0719 7.9348(-04)  4.6063
CPU time (s) 0.6767 2.9539 5.7006
1/32 ¢ 3.1560(-05) 4.0154  2.4426(-05) 4.0188 2.2228(-06) 4.0174
¢ 1.0105(-03) 39588  7.8777(-04) 3.9767  5.7687(-05)  3.7819
CPU time (s) 13.9656 60.5975 117.4496

method. For each spatial step size h, the corresponding time step size is chosen as Toh?. With this choice of time step
size, the theoretical order of convergence becomes O(h*), i.e., the method is fourth order accurate in space. The order of
convergence is numerically estimated equal to four in Table 4. Fig. 2 shows the exact and numerical results at different time
levels.

Example 5 (Non-uniform beam). Consider a simply supported non-uniform beam of length L = 1 m whose motion is gov-
erned by the PDE (1). The cross-sectional area A(x) and moment of inertia I(x) vary according to the relations [33,34]:

Ax) =Ag(1 +ax)?,  1(x) =Ih(1 +ax)?

where Ay and I are the cross-sectional area and the moment of inertia at x = 0, respectively and « is a positive constant.
Specifically, it is assumed that the cross-section is rectangular at x =0, by = 0.25 m be the width and hg = 0.25 m be the
height, so Ay = bghg and Iy = (bohg)/12. The material properties are chosen to be [34]: E = 2.48 x 107 kNm~2, the Young’s
modulus and p = 2.4028 x 103 kg m~3, the mass density. In this test, we take ¢ (x, t) = sinhtsinx to be the exact solution
of Eq. (1) and the homogenous function f(x, t) is obtained using this exact solution. Table 5 gives the MAEs and order of
convergence computed by the proposed difference method (8.1)-(8.2) for A = 1.6 with different meshes N+ 1 =8, 16 and
32 at t =1 for various values of «.

Example 6. Consider a beam with exponentially varying width and constant height yielding variable cross-section resting
on elastic foundation undergoing transverse vibration under axial tensile force described by the PDE (1). The width of the
beam varies over length coordinates as follows:

b(x) = bge™**
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0.7
— t=8 Exact
061 ¢ t=8Num. A
— t=4 Exact
0.51 P> t=4 Num. |
t=1 Exact
@ 0.4} o t=1 Num.
2 n
©
>
< 0.3 >
0.2r
0.1
OB . :::::..
0 0.2 04 0.6 0.8 1
X values

Fig. 2. Example 4: Comparison between numerical and exact solutions of Eq. (55) at different times.

Table 5
MAEs and order of convergence for non-uniform beam, Example 5 at t = 1 using O(t% + Th? + h*)
method (8.1)-(8.2).

h a=0.1 o =0.5 a=1.0
MAE Order MAE Order MAE Order
1/8 1.4304(-04) - 1.4685(-04) - 4.6640(-04) -
CPU time (s)  0.0501 0.0493 0.0506
1/16 8.8739(-06) 4.0107  9.1107(-06) 40106  3.0473(-05)  3.9360
CPU time (s)  0.5837 0.7051 0.6333
1/32 5.5953(-07) 3.9873  5.6659(—07) 4.0072  1.9431(-06) 3.9711
CPU time (s)  10.3982 10.2332 10.7831
Table 6
MAEs and order of convergence for Example 6 at t = 1 using O(t2 + th? + h*) method (8.1)-(8.2).
h a=0.1 a=0.5 a=1.0
MAE Order MAE Order MAE Order
1/8 1.4127(-04) - 1.2922(-04) - 9.7592(-05) -
CPU time (s)  0.0493 0.0496 0.0508
1/16 8.7561(-06) 4.0120  8.0218(-06)  4.0098  6.0793(—06)  4.0048
CPU time (s)  0.6014 0.5978 0.5737
1/32 5.5180(-07)  3.9881 5.0698(—07) 3.9839  3.8024(-07)  3.9989

CPU time (s)  10.5919 10.3191 9.9303

Here bg is the width in the left end of beam and « is the non-uniformity parameter. When width of the beam varies over
the beam length as above, then cross-section and moment of inertia varies as follows:

A(X) =Age™*,  I(x) =Ipe ¥,
where Ay and Iy are cross-section and moment of inertia in the left end of beam, respectively. The right hand function
flx, t) in (1) is determined by the exact solution ¢ (x, t) = sinht sinTx. We consider the same physical parameters as chosen
in Example 5. In Table 6, we report MAEs and order of convergence of the numerical solution obtained by applying the
method (8.1)-(8.2) at t =1 with A = 1.6.

Example 7. We consider the one-dimensional fourth order parabolic PDE with variable coefficient of the form:

9%¢ 9
W+(1+x2+t2)W=f(x,t), 0O<x<1, t>0 (56)



296 RK. Mohanty, D. Kaur/Applied Mathematical Modelling 55 (2018) 281-298

Table 7
MAEs and order of convergence for Example 7 at t = 1.
h Proposed O(t2 + th? + h*)-  O(t? + h?)-method
method (19.1)-(19.2) (17.1)-(17.2)
MAE Order MAE Order
1/8 ¢ 3.3124(-05) - 1.3953(-03) -
o 19091(—04) - 6.0472(-02) -
CPU time (s) 0.0458 0.04233
1/16 ¢ 2.1242(-06)  3.9629 4.1623(—04) 1.7451
P 1.1946(—05) 3.9983 1.5749(-02) 1.9410
CPU time (s) 0.5842 0.6565
1/32 ¢ 1.3451(-07)  3.9811 1.0413(-04) 1.9990
¢ 8.7869(—07)  3.7650 3.9526(—03)  1.9944
CPU time (s) 13.4579 15.7557
Table 8
MAEs and order of convergence for Example 8 at t = 1.
h Proposed O(t? + th?> + h*)-  0(t? + h?)-method
method (35.1)-(35.2) (33.1)-(33.2)
MAE Order MAE Order
1/8 ¢ 3.3459(-04) - 31527(-02) -
V2¢  5.4085(-03) - 3.1782(-01) -
CPU time (s) 0.3253 0.4847
1/16 ¢ 2.0708(-05)  4.0141 7.7747(-03)  2.0197
V2¢  33910(-04) 3.9954 7.8554(—02)  2.0165
CPU time (s) 12.6545 16.7472
1/32 ¢ 1.3020(-06)  3.9914 1.9356(-03)  2.0060
V2¢  2.1166(—06) 4.0019 1.9557(-02)  2.0060
CPU time (s) 549.9453 810.6188

where the f(x,t) =[1+m4(1+x%+t?)]e~'sinzx and the exact solution is ¢ (x,t) =e ' sinzx. The MAEs and order of
convergence for ¢(x, t) and ¢@xx(x, t) using the difference schemes (19.1)-(19.2) and (17.1)-(17.2) are tabulated in Table 7 at
t=1for A=1.6 with N+1=38,16 and 32.

Example 8. We seek the numerical solution of the following variable coefficient two dimensional fourth order parabolic
PDE with the exact solution ¢ (x,y, t) = sinhtsinzxsinmy:

92

O 4R )V Pyt = [y D). 0<xy<1. t>0 (57)

where
fey.t) = (1+4m*(1 +x* +y?)) sinht sinzwxsinzy.

The MAEs and numerical order of convergence for ¢(x, y, t) and spatial Laplacian V2¢(x, y, t) are reported in Table 8 for a
fixed A =1.6 with N+1=38,16 and 32 at t = 1.0.

Example 9. Consider the following three dimensional fourth order parabolic PDE with the exact solution ¢(x,y,z,t) =
sinhtsinmxsinwysinmz:

% | oa

W—i—V X, y.z,t)=f(x,y.z,t), 0<xy,z<1, t>0 (58)

where
f(.y.z.t) = (1+97*)sinhtsinxsinysinnz.

The MAEs and numerical order of convergence for ¢(x, y, z, t) and spatial Laplacian V2¢(x, y, z, t) are reported in Table 9
for a fixed A =1.6 with N+1=4,8 and 16 at t = 0.5 using proposed O(t2 + th? + h*) and central difference O(t2 + h?)
methods. In Fig. 3, we display in a Log/Log scale, the MAEs in ¢(x, y, z, t) and V2¢(x, y, z, t) at t = 0.5. It is observed from
Fig. 3 that the slope of the graph is almost constant around four for the O(t2 + th? + h*) method.

6. Final discussion

The available methods for the numerical solution of one and two space dimensional vibration problem were of low
order, three-level in nature and computationally not very efficient due to stability restriction. In this article, we have de-
veloped two-level implicit difference schemes of order two in time and four in space for solving multi-space dimensional



RK. Mohanty, D. Kaur/Applied Mathematical Modelling 55 (2018) 281-298 297

Table 9
MAEs and order of convergence for Example 9 at t = 0.5.
h Proposed O(t2 +th> + h*)-  O(z? + h?)-method
method (50.1)=(50.2) (49.1)-(49.2)
MAE Order MAE Order
1/4 é 48522(—03) - 5.6320(-02) -
V2¢  83259(-02) - 8.0660(-01) -
CPU time (s) 0.0665 0.0575
1/8 ¢ 2.6488(—04) 41952 12648(—02) 21547
V2¢  42201(-03)  4.3023 1.7243(-01)  2.2258
CPU time (s) 1.6781 1.3281
1/16 ¢ 1.6627(-05) 3.9937 3.1712(-03) 1.9958
V2¢  2.6846(-04) 3.9745 4.4089(—02)  1.9675
CPU time (s) 173.1176 159.8605
0
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Fig. 3. Example 9: Error plot at t = 0.5 for A = 1.6.

vibration problems. The proposed difference schemes utilize only three, nine and nineteen spatial grid points for one, two
and three dimensional fourth order parabolic equations, respectively of a single compact stencil. One advantage of this for-
mulation is that the boundary conditions are incorporated in a natural way without the use of any extra nodes or special
schemes adjacent to the boundary, thereby eliminating the usual complexity encountered with the central difference meth-
ods. In addition, the value of the space Laplacian V2¢ which is often of interest in some applied problems is computed as a
by-product of the methods. The proposed algorithm has been tested for non-uniform beams which provide better distri-
bution of mass and strength than uniform beams and are useful in various engineering applications. Numerical results
demonstrate the accuracy and efficiency of the derived scheme for non-uniform Euler-Bernoulli beams. The proposed two-
level finite difference methods are shown to be unconditionally stable for model fourth order parabolic equations in one,
two and three space dimensions. The numerical results clearly indicate that the proposed method produce better results
in comparison with the existing methods of [11,12,17-21] for the one dimensional beam equation. Also, the new fourth or-
der formulas produce much more accurate results on relatively coarser grids than the standard second order methods. It
is exhibited from Tables 4-9 that the proposed discretization produces fourth-order accurate results for a fixed mesh ratio
parameter A, i.e., when toch?. The methods are easily implemented, concise, accurate and computationally attractive for
multi-space dimensional fourth order parabolic PDEs with variable coefficients. The approach presented in this paper will
be helpful for the development of stable algorithms for other fourth order time dependent problems.
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