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1. Introduction

One of the important aspects of coding theory is to construct codes capable of cor-

recting various errors that occur frequently in communication channels. Since the error

correction capability of a code is best determined in terms of its minimum distance,
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therefore a code with larger minimum distance has better error-correction capability.
Most of the studies have concentrated on linear codes endowed with the Hamming met-
ric. For a linear code C C ]F;L of dimension k& and minimum distance dg with respect to
the Hamming metric, the Singleton bound [13] is

dHSTL*k*Fl.

Codes that achieve equality in the Singleton bound are called maximum distance separa-
ble (MDS) codes. For given n and k, MDS codes have the largest minimum distance and
hence the best error-correction capabilities. The class of MDS codes, therefore, has been
of utmost interest in coding theory. MDS codes have applications in finite geometries
and in combinatorics as well.

The study of codes endowed with a metric other than the Hamming metric gained
momentum towards 1990’s with the introduction of poset metric by Brualdi et al. [2].
The concept of poset metric was motivated by Niederreiter’s generalization of a clas-
sical problem of coding theory [9,10]. Codes endowed with poset metric, namely the
Rosenbloom-Tsfasman metric (RT-metric) [12], are of practical significance in case of
interference in several consecutive channels. In [3,14], the authors proved the Single-
ton bound for RT-metric and generalized the notion of MDS codes. Extending their
approach, Hyun and Kim [5] studied MDS poset codes and introduced the concept of
I-perfect codes by extending the concept of elementary box defined for RT-metric. Fur-
ther, it was proved that the duality result holds for MDS poset codes.

Feng et al. in [4] introduced block metric and studied MDS block codes. As seen in
[4], the dual of an MDS block code need not be MDS unless all the blocks have the
same dimension. Poset block metric was introduced by Alves et al. in [1] unifying poset
metric and block metric. Codes endowed with the Niederreiter-Rosenbloom-Tsfasman
block metric (NRT block metric), a particular case of poset block metric when the poset
is a chain, have been classified in [11] based on their generalized weight hierarchy. The
authors have developed much of the classical theory for NRT block codes by obtaining
a canonical representative for each such class.

The present paper aims to introduce MDS poset block codes and extend the concept of
I-perfect codes to the case of poset block metric. In section 3, we present a result relating
the (P, w)-weight of a codeword and a parity check matrix of the code in terms of an ideal
of the poset P. We prove Singleton bound for an (n, k, d) poset block code and define an
MDS (P, )-code. In section 4, we extend the concept of I-perfect codes to the case of
poset block metric and show that they are systematical. We relate an I-perfect code with
MDS (P, )-code and r-perfect code. We also prove the duality result for I-perfect codes.
In section 5, we prove that when all the blocks have the same dimension, codewords of an
MDS (P, 7)-code are uniformly distributed among the I-balls and vice-versa. The duality
result also holds in this case. Further, we completely determine the weight distribution
of an MDS (P, 7)-code when all the blocks have the same dimension as in the classical
case. Lastly, we show that MDS poset block codes are in abundance.
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2. Preliminaries

In this section, we give basic definitions and results of a poset block metric and additive
characters to be used in the subsequent sections.

Let P = ([s], <) denote a poset with s elements, where [s] := {1,2,...,s} and < isa
partial order on [s]. An ideal I of the poset P is a subset of [s] such that if ¢ € I and
j <1, then j € I. For X C [s], we denote by (X) the smallest ideal containing X, called
the ideal generated by X. We prefer to denote the ideal generated by X = {i} as (i)
rather than ({i}) as in [1]. The t-th level set T'*)(P) of P is defined as

r(P) = {ie P:|{i)| =t},

where |-| denotes the cardinality of the given set. We denote by Z(P) the set of all ideals
of P and by Z"(P) the set of all ideals of P of cardinality r. We use the notation M (1)
to denote the set of all maximal elements of I and Ip; to denote I\ M (I).

Proposition 2.1. [5, Proposition 1.1]

1. Let 0<r <r' <nand I € I"(P). Then there exists J € I’”/(P) such that I C J.
2. Let 0 <r' <r <nand I e€Z"(P). Then there exists J € IT/(P) such that J C I.

For a given poset P, we define the dual poset P as follows:

P and P have the same underlying set and i < j in P if and only if j <1 in P.

Proposition 2.2. [5, Lemma 1.2] Let P be a poset on [s] and P be its dual poset. Then

the ideals of P are precisely the complements of the ideals of P, that is, Z(P) = {I°¢ :
I € Z(P)}, where I¢ is equal to [s] \ I.

Let P and @ be posets on the same underlying set. We say that @ is finer than P if
i < j in P implies that ¢ < j in Q. We say a poset P = ([s], <) is a hierarchical poset if
there is a partition

sl= L]

0=12,..t

of [s] such that i < j if and only if ¢ = j or i € Hy,, j € Hy, and £; < {;. Let
s¢ = |Hy| for 1 < £ < t. Then P is a hierarchical poset with s elements and ¢ levels and
is denoted by H (s; s1, S2, ..., s:). The height of a poset is the maximum length of a chain
in the poset. A chain poset is a hierarchical poset over [s] with height s and an antichain
poset is a hierarchical poset over [s] with height 1.

Let P and @ be posets defined on disjoint sets X and Y respectively. The ordinal sum
P & Q of posets P and @ is defined to be the poset on X UY such that ¢ < jin P& Q
if one of the following conditions holds:
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(ii,jePandi<jin P; (ii) 4,j € @ and ¢ < j in Q; (iii) ¢ € P and j € Q.

Let 7 : [s] = N be a map such that n = > 7 (¢). The map = is said to be a labeling
i=1
of the poset P, and the pair (P, ) is called a poset block structure over [s]. Denote (%)

by k; and take V; as the [F4-vector space Fé‘“ for all 1 <7 < s. Define V as
V=VieVed -V,

which is isomorphic to IF;L. Each z € IF; can be written as x = (x1,z2,...,%s) where
T; € IF;“,I < i < s. The block support or m-support and (P, w)-weight of x € F, are
defined as

supp,(z) ={i:1<i<s,z; #0}

and

w(p,x)(x) = |(supp, (2))|.

For z,y € V,

d(P,ﬂ) (177 y) = W(p,x) (:I; - y)

defines a metric over F' called the poset block metric or (P, 7)-metric. The pair
(F,d(px) is said to be a poset block space. Also, the pair (F}', d(ﬁyﬂ)) is said to be the
dual poset block space where P is the dual of the poset P.

A k-dimensional subspace C' C F is said to be an (n, k,d) (P, 7)-code, where ' is

equipped with the poset block metric d(p)(:,-) and
d=dp(C) =min{wp(c):0#ce C}

is the (P, 7)-minimum distance of C. A generator matrix and a parity check matrix of
an (n,k) (P,m)-code are defined as in the classical case and are viewed as blocks with
respect to the partition of n corresponding to . A parity check matrix H is viewed as

H =[H, H,...H,] where H; is an (n—k) x k; matrix. The set of blocks H;,, Hj,, ..., Hj,
is linearly dependent if the union of all column vectors of H;,, Hj,,..., H;, is a linearly

dependent set, that is, if there exist o;; € Vj, such that
Hjof +Hja3 + -+ Hj,af =0

and at least one «; # 0. Otherwise, the blocks are said to be linearly independent.
The dual of an (n, k) code C is defined as

Cr={z€F):x-c=0 forall ceC},
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where z - ¢ is the usual formal inner product on Fg'. Then C* is an (n,n — k) code. The
number of codewords of (P, 7)-weight w is denoted by A, (p ) (C); that is,

A'LU,(P,TI’)(C) = ‘{C € C : w(P,ﬂ—)(C) = w}|

It is worth noting that when the poset P is taken to be a chain, the poset block
metric, introduced by Alves et al. [1], reduces to the NRT block metric [11]. When the
label 7 satisfies 7(i) = 1 for all i € [s], the poset block metric reduces to poset metric,
dp(-,-), introduced by Brualdi et al. [2]. Similarly, the block metric, d(,-), introduced
by Feng et al. [4], becomes a particular case of poset block metric when P is taken to be
an antichain. When 7(7) =1 for all ¢ € [s] and P is an antichain, then the poset block
metric reduces to the classical Hamming metric, dg (-, ).

For x € F;! and a non-negative integer 7, the (P, 7)-ball with center = and radius r is
defined as the set of all those vectors of V' whose distance from x relative to poset block
metric is less than or equal to r; that is,

B(P,ﬂ') (.’L‘, 7") = {y € ]F; : d(P,'n') (Ivy) < ’I"}.

A code C is said to be an r-error correcting (P, m)-code if the (P, m)-balls of radius r
centered at the codewords of C' are pairwise disjoint. A code C is said to be an r-perfect
(P, m)-code if the (P,7)-balls of radius r centered at the codewords of C are pairwise
disjoint and their union is F'.

Now we give definition of an additive character. For details on additive characters,
refer [7,8]. An additive character A of I, is a homomorphism of the additive group F,
into the multiplicative group of the complex numbers of absolute value 1.

Let f be a complex-valued function defined on Fg'. The Fourier transform f of fis
defined by

f@) =Y Mz ) fy),

yeFy
where A is a non-trivial additive character of IF,.

Proposition 2.3. (Discrete Poisson summation formula) Let C C F' be a linear code and
[ be a complez-valued function on F;'. Then

N 1 7
Z f(C)—WZf(C)

ceC+ ceC

3. The Singleton bound and MDS (P, 7)-codes

In this section, we prove the Singleton bound for the case of poset block metric and
introduce the concept of MDS (P, 7)-code. In the following theorem, the relation between
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(P, m)-weight of a codeword and a parity check matrix of the code in terms of an ideal
of the poset P has been derived.

Theorem 3.1. Let (P, ) be a poset block structure on Fy and C C F7 be a code with
parity check matrix H. Then C has a codeword of (P, ) weight w if and only if there
exists an ideal I of P of cardinality w such that the blocks of H corresponding to I are
linearly dependent.

Proof. Firstly we prove that for any given codeword of C of (P, 7)-weight w, there exists
an ideal I of P of cardinality w such that the blocks of H corresponding to I are linearly
dependent. Consider the parity check matrix H = [Hy Hs ... H,] where H; denotes the
i-th block of H. Let ¢ = (c1,c¢2,...,¢s) € C such that w(p ) (c) = w. Denote by I the
ideal generated by supp, (c). Since (P, m)-weight of ¢ is w, we get |I| = |(supp,(¢))| = w.
It is worth noting that

;=0 fori¢l, (3.1)
¢i 20 forie M(I). (3.2)
Since ¢ € C, therefore Hc! = 0; that is,
Hycl + Hyel + -+ Hyel = 0.

Using (3.1), we get the required linear dependence relation between the blocks corre-
sponding to I.

Conversely, let there be a linear dependence relation between some blocks of H of the
form

Hj ol + Hjyad +---+ Hj,af =0, (3.3)

where 0 # «; € ]Fécj i for all 1 < ¢ < t. We prove that there exists a codeword of
(P, m)-weight w = |(j1, j2, .- ., j¢)|. Consider the vector u = (uy,us,...,us) such that

o, fori=1,2,... ¢,
uj, = _ (3.4)
0, otherwise.

In view of (3.4), (3.3) may be written as

H;

J1 J1

+ H; + Hjul =0

J2 j2 Jt gt

which in the expanded form may be written as

Hyui + Hoyud + -+ Houl =0,
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that is, Hu? = 0. Thus, v € C. In view of (3.4), the codeword u is of weight w =
|<j1aj27"'7jt>" o

Remark 3.1. It follows from (3.2) that the blocks corresponding to maximal elements of
I have non-zero coefficients in the linear dependence relation.

Corollary 3.1. Let H be a parity check matriz of a (P,m)-code C. The (P, w)-minimum
distance of C is d if and only if

¢
d—1=max{¢:rank{H;,,H;,,...,H;,} = Z ki, } (3.5)
j=1
for all {iy,ia,...,i¢}y € Z°(P); that is, d — 1 is the mazimum non-negative integer r such

that blocks of H corresponding to every ideal in I*(P) are linearly independent.

In other words, d is the minimum positive integer such that there exists an ideal I of
P of cardinality d such that the blocks {H; : i € I'} are linearly dependent.

Remark 3.2. (i) For the case of poset metric, (3.5) reduces to
dp — 1 = max{¢ : rank{h;,, hiy, ..., hi, } = {}

for all {iy,iz,...,i¢} € Z*(P); that is, dp — 1 is the maximum non-negative integer ¢
such that columns of H corresponding to every ideal in Z*(P) are linearly independent.
In other words, dp is the minimum positive integer such that there exists an ideal I of
P of cardinality dp such that the columns {h; : i € I} are linearly dependent as seen in
[2].

(ii) For the case of block metric, (3.5) reduces to

¢
dr — 1 =max{¢:rank{H;, ,H;,,...,H;,} = Z ki, } (3.6)
j=1
for all {iy,49,...,4¢} C [s]; that is, d — 1 is the maximum non-negative integer ¢ such

that blocks of H corresponding to every ¢-subset of [s] are linearly independent. In other
words, d, is the minimum positive integer such that there exists a set of d. linearly
dependent blocks of H as seen in [4].

(iii) For the case of NRT block metric, (3.5) reduces to

14
d — 1 =max{l :rank{Hy, Ho,...,Hs} = ij};
j=1
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that is, d — 1 is the maximum positive integer ¢ such that first £ blocks of H are linearly
independent. In other words, d is the minimum positive integer such that the first d
blocks of H are linearly dependent as seen in [11, Theorem 6].

Next we state the Singleton bound for the case of poset block metric and provide two
different proofs. The first proof uses Theorem 3.1 whereas the second proof is based on
the ideals in the poset analogous to the case of poset metric [5, Proposition 2.1].

Theorem 3.2. For a (P,m)-code C of length n, dimension k and minimum distance d
over [, we have

n—=k> Iegi@i((P){kil + ki, +"'+kid_1}7 (3~7)

where the maximum is taken over all ideals of P of cardinality d — 1.

Proof. Let H = [H1H> ... H;] be a parity check matrix of the code C'. Since the minimum
(P, 7)-weight of the code is d, it follows from Theorem 3.1 that the blocks of the parity
check matrix H corresponding to every ideal I € Z¢~!(P) are linearly independent. Since
the maximum number of linearly independent columns of H is n — k, we get the result.

Alternative proof. Let I € Z¢1(P). Consider the map
Pov,:C— @V
igl J¢l
as the projection of C on the blocks corresponding to P\ I. Let p ¢ v, (%) = p o v; (¥)-
3 J¢1

Then supp, (z —y) C I. This implies that dp ) (z,y) < d—1, which is a contradiction
since the minimum distance of C'is d. Therefore, p ¢ v, is injective. Hence
J¢1

ICl <] @ Vjl.
J¢l
Therefore, dim C <n — (k;, + ki, + -+ ki,_, ). Thus
n—k>k, +ki,+ -+ki .
Since this is true for any ideal I € Z¢71(P), we get (3.7). O

Remark 3.3. (i) For an (n, k, d;) linear error block code C over F, with the partition =
given by n =k; +ko+ -+ ks, k1 > ko > -+ > kg, (3.7) reduces to

n—k>k +ky+-+kqg -1,

which is same as the Singleton bound for the case of block metric [4, Theorem 2.1].
(ii) For an (n, k,dp) poset code C over F,, (3.7) reduces to
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dp <n-— k+ ].,
which is same as the Singleton bound for the case of poset metric [5, Corollary 2.2].
We now define a maximum distance separable (P, m)-code.

Definition 3.1. Let (P, 7) be a poset block structure on F'. A linear code C' C [F is called
a maximum distance separable (MDS)(P, 7)-code if it attains the Singleton bound.

Example 3.1. Consider the poset P given by the following Hasse diagram:

2

Let k1 = 1,ky = 3,ks = 2, and k4 = 1. Consider the (P, 7)-code C generated by the
following generator matrix:

1110101
011111 1].
001 0110

Then C'is a (7,3) code with d = d(p ) (C) = 3. We have

I2(P) = {{172}’{173}7{1’4}»{3a4}}'
Thus

kY =4=n—Fk
Iergg(};){k“—kkm} n—k

Therefore, C' is an MDS (P, 7)-code.
4. I-perfect codes

In this section, we extend the concept of I-balls originally defined for poset metric
(see [5]) to the case of poset block metric and study their properties. For the sake of
simplicity, we retain the same notation as used by Hyun and Kim [5].

Definition 4.1. Let (P, m) be a poset block structure on F;* and I € Z(P). For z € Fp,
the I-ball centered at x is defined as
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Br(z) = {y € F; : (supp,(z —y)) C I}.

We denote the I-ball centered at 0 by B;. Wherever required, we use the notation
Br,(p,x) () to specify the metric under consideration.

Remark 4.1. (i) Since supp,(z —y) C I if and only if (supp,(z —y)) C I, we have

Bi(x) = {y € F; : supp,(z —y) C I}.

(ii) Two vectors = and y belong to the same I-ball for some I € Z"(P) if and only if
dpxy(T,y) < 7.

(iii) The (P, m)-ball of radius r centered at x is union of I-balls centered at = where
I € I"(P); that is,

B(pyﬂ.)(mﬂ“) = U B[(J})

IeTr(P)

Next, we state the basic facts about I-balls in poset block metric. The following
proposition is a generalization of [5, Proposition 2.7] wherein the metric considered was
poset metric. The proof is on similar lines and hence omitted.

Proposition 4.1. Let (P, ) be a poset block structure on F;' and I € Z(P). Then

n

1. By is a subspace of F,

namely ® V;, of dimension Y k;.

el i€l
Forz € Ty, Bj(x) is a coset of By containing x; that is, Br(x) = x + By.
For z,y € ¥}, Br(z) and Bi(y) are either disjoint or identical.

The full space F' is partitioned into I-balls.

=~ W

We now define an I-perfect code for the case of poset block metric.

Definition 4.2. Let (P, 7) be a poset block structure on F and I € Z(P). A linear
(P,m)-code C' C I is said to be I-perfect if the I-balls centered at the codewords of C
are pairwise disjoint and their union is F'; that is,

F = || Bi(x).

zeC

The following lemma is a consequence of the definition of an I-perfect code.
Lemma 4.1. The following are equivalent:

1. C is an I-perfect code.
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2. (i) (The covering condition) > ki =n — k.
iel
(ii) (The packing condition) |C N Br| = 1.
3. |[CN Br(x)| =1 for all x € F}; that is, each element of F;' belongs to precisely one
I-ball centered at a codeword of C.

The following proposition shows that I-perfect codes are systematical with infor-
mation symbols in blocks corresponding to P \ I and parity check symbols in blocks
corresponding to I. This shows that it is easier to deal with I-perfect codes than r-perfect

codes. In what follows, we write x € F* as (x1,22) where 1 € @ V; and 20 € @ V;.
jel i€l

Proposition 4.2. An (n, k) (P, 7)-code is I-perfect if and only if there is a function

f:eV,—= eV (4.1)
eI i€l
such that
C={t.f) e gV} (12)
J

Proof. Assume that the code C'is I-perfect. Let v € & Vj. Since C'is an I-perfect code,

J¢l
there exists ¢ € C such that (v,0) € By(c) which implies that ¢ — (v,0) = (0,u) € Br.
This proves that ¢ = (v, u). Moreover, if there is another element ¢’ = (v,w) € C, then
¢—c = (0,u —w) € By which implies that ¢ € By(c’). This contradicts that C is
an I-perfect code. Therefore, we can define a function f : ® V; — @& V; which sends
Jer =,

v € @ V; to the unique u € & V] such that ¢ = (v, u), and clearly, every element of C' is

jel il

of the form (v, f(v)).
Conversely, assume that such a function exists. Then, for any (v,u) € Fg', we have

C N Br(v,u) = {(v, f(v))}. By Lemma 4.1(3), we get that C is an I-perfect code. O

Note that we do not use the linearity of C' anywhere in the above proof. Hence, the
above proposition holds for non-linear codes as well. However, the following remark holds
just in the case of linear codes.

Remark 4.2. Such a function is a linear transformation since C'is a linear subspace of F'.

Proof. First, f(0) = 0 since (0,0) € C. Let v,w € & V;. Then (v, f(v)), (w, f(w)) € C.
J¢l

This implies that a(v, f(v)) + B(w, f(w)) € C for o, € F,, which gives us (av +
Bw,af(v) + Bf(w)) € C and hence, f(av + fw) = af(v) + ff(w). Thus, f is a linear

transformation. O
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We now explore the connection between r-perfectness and I-perfectness of a
(P, m)-code. We generalize [6, Proposition 3.1] to derive a necessary and sufficient con-
dition for a poset block code C to be an r-error correcting code in terms of I-balls.

Theorem 4.1. A (P, 7)-code C is an r-error correcting code if and only if
c—c ¢ Bpyp for each I') 7" € T7(P) and ¢, € C,c # . (4.3)

Proof. Assume that C' is an r-error correcting code. Suppose there exist ¢, ¢’ € C,c # ¢
and I’, 1" € Z"(P) such that ¢ — ¢’ € Bpypr. Consider u = ¢ — pp,, (¢ — ), where pp,,
denotes the projection of C' on blocks corresponding to I’. Then

dipmy(u,¢) =wpr(ps, (c—d)) < |[I'|=r

Also, we have that

dipmy(u, ¢) =wpmn((c—d)—pp, (c—))
= wp,n (P8, (c—))

<|I"|=r.

This implies that u € B(pr)(c,7) N B(pr)(c,r), which is a contradiction.
Conversely, assume that C' is not an r-error correcting code. Then there exists ¢, €
C,c# c and z € F} such that

x € Bipry(e,m) N Bipm(c,r)

This implies that dp (v, c) < r and d(pr)(z,c") < r. We have |(supp, (c—x))| < r and
|(supp, (¢’ —z))| < r. Using Remark 4.1(ii), we get supp,. (c—z) C I’ and supp, (¢’ —z) C
I" for some I', I"” € Z"(P). This, in turn, implies that supp, (c—¢') C I’UI"” which gives
¢ — ¢ € Bpyjr, which contradicts (4.3). This proves the result. O

Remark 4.3. In particular for I’ = I”, the above theorem implies that for an r-error
correcting poset block code, the I-balls centered at the codewords of C' are disjoint for
each I € Z"(P). This fact also follows from Remark 4.1(iii).

Next, we prove a lemma which establishes equivalence between the r-perfectness and
I-perfectness of a (P, m)-code when P has a unique ideal of cardinality r.

Lemma 4.2. Let (P, 7) be a poset block structure with I"(P) = {I}. Then a code C is an
r-perfect (P, )-code if and only if C is an I-perfect (P, m)-code.
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Proof. Since C is r-perfect (P, r)-code, we have

F;L = |_| B(P,‘rr) (C, T‘).
ceC

Since Z"(P) = {I} and using Remark 4.1(iii), the above is equivalent to

F! = | |Bi(e,r)

ceC

which proves that C is I-perfect. 0O

Remark 4.4. In the case of the NRT block metric, |Z"(P)| = 1 for each 1 < r < s.
Therefore, C' is an r-perfect NRT block code if and only if C' is an I-perfect NRT block
code for I € Z"(P). Using Proposition 4.2, every r-perfect NRT block code is systematical
as seen in [1, Proposition 3.1]. In particular when all the block dimensions are 1, that is,
for the NRT metric, no r-perfect codes exist for r < n — k.

Using Lemma 4.2 for r = n — k, a complete characterization of an (n — k)-perfect
(P, m)-code can be obtained as follows.

Theorem 4.2. An (n, k) (P, 7)-code C is a (n — k)-perfect code if and only if I~ *(P) =
{I} and C is an I-perfect code.

Proof. Let C be an (n — k)-perfect code. If {I} C Z"~*(P), then
| Bpm) (0, — k)| > |B1(0)] = ¢"*

which is a contradiction. Hence, Z"~*(P) = {I}. Using Lemma 4.2, C is an I-perfect
code. The converse also follows from Lemma 4.2. O

Remark 4.5. In this theorem, Z"*(P) = {I} implies that the (n — k) blocks in I form a
chain, say 1 <2 <-..- < n—k. Also, since C is I-perfect, from Lemma 4.1 we have that
k; =1 for all i € I. Thus, Theorem 4.2 can be restated as follows:

An (n, k) (P,7)-code C is an (n—k)-perfect code if and only if T*(P) = {i} and k; = 1
for1<i<n-—k.

In [5, Theorem 2.12], Hyun and Kim have derived a relation between MDS poset codes
and I-perfect codes. Generalizing the same in the following theorem, we prove that every
MDS poset block code is an I-perfect code for some ideal of P of cardinality d — 1 and
vice-versa.

Theorem 4.3. Let (P,7) be a poset block structure on ¥} and C C FJ' be an (n,k,d)
(P, m)-code. Then C is an MDS (P, 7)-code if and only if C is an I-perfect code for some
IeT1(P).
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Proof. Let C' be an MDS (P, 7)-code. Then

n—k= Iegdlzqcp){k“ + ki + A iy, )

Let I € Z971(P) be such that Y k; = n — k. Suppose the I-balls centered at ¢ and ¢’
intersect. Since two I-balls are Zeeitlher distinct or identical, therefore we have ¢ € By(c')
for some ¢, € C,c # ¢. Then supp, (¢ — ¢’) C I. This gives |supp,(c — )| < d— 1.
This implies that w(p)(c — ¢') < d — 1, which is a contradiction. It follows that the
I-balls centered at the codewords of C' are disjoint and hence, cover F;'. Therefore, C is
an I-perfect code. Conversely, let C' be an I-perfect code for some I € Z¢71(P). Then

> ki =n — k. Thus,
i€l

Iegdla%{(P {kiy + ki, +- +ki,_,}=n—k.

Hence, C' is an MDS (P, m)-code. O

Remark 4.6. In Example 3.1, C is I-perfect for {1,2} € Z?(P). In general, the ideal may
not be unique. In fact, an (n, k,d) MDS (P, 7)-code is I-perfect for all I € Z¢=1(P) such

that > k; =n—k.
i€l

The next result shows that the dual of an I-perfect (P,)-code is an I°-perfect
(]3, m)-code. Firstly, we state a lemma which is a generalization of [5, Lemma 3.11].
The proof is on similar lines and therefore we omit it. We denote by x(F, -) the indicator
function of a subset £ of F'.

Lemma 4.3. Let (P, ) be a poset block structure with I € Z(P). For z,y € F}', we have

. T
RBr,pmyW)lz) = Mz - y)as X(Bpe (pl@)-

In particular,

A~ Z ki
X(Br,pmlz) = ¢'<" X(Bre (p n2)-

Theorem 4.4. Let (P, ) be a poset block structure and I € Z(P). A code C is an I-perfect
(P, m)-code if and only if C+ is an I¢-perfect (P, 7)-code where P is the dual of P.

Proof. Let C be an I-perfect (P, )-code. By Proposition 2.2, I¢ € Z(P) with Y k; = k
icle
as Y k; =n — k. Using Proposition 2.3, we have
i€l
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CE N B (5. @) = 3 X(Bre (5. (0)¢')
ceCt

= G By . @)

ceC

Applying Lemma 4.3, we get

|C’L N B[c,(ﬁm—)(l‘)‘ = WZ)\(C . ac)quc X(B]ﬁ(p’ﬂ.)|c)
ceC

= Z Ae- x).

CGCmBly(pyﬂ.)

Since C' is an I-perfect code, we get C'N By (px) = {0}. Therefore
[CH N B (ppy(@)] = A0) = 1.

Using Lemma 4.1, C* is an I°-perfect (ﬁ, m)-code. The converse is just the dual state-
ment. O

5. Duality and weight distribution

In this section, we explore the case for an MDS (P, 7)-code when all the blocks have
the same dimension. The results presented in this section are generalizations of the results
for the case of poset metric given in [5] which would reduce to the corresponding results
for poset metric for m = 1. When all the blocks have the same dimension, there is a
direct relation between n,k and d, as in the classical case. Let (P, m) be a poset block
structure such that k1 = ko = --- = ks = m. Then the Singleton bound becomes

n—=k
m

+1. (5.1)

The following theorem gives characterizations of an MDS (P, 7)-code when all the
blocks have the same dimension. In this case, we prove that the duality theorem holds
for an MDS (P, )-code. Further, a code is MDS (P, r)-code if and only if there is a
uniform distribution of its codewords among the I-balls.

Theorem 5.1. Let P be a poset on [s] and P be its dual poset. Let  be a labeling of the
poset P with ky = ko = --- = ks =m. Let C be an (n, k) (P,m)-code. Then the following
statements are equivalent:

1. C is an MDS (P, 7)-code;
2. C is an I-perfect (P,m)-code for all I € 5" (P);
3. Ot is an I-perfect (P,T)-code for all I € Im (P);
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4. Ct is an MDS (P,7)-code;
5. For any ideal I of P and z € F,

gmII=nthqf 1) > nok

1 if 1] < =% and B
|B;(z) N C| = Ul <2555 andw e U Bi(e), (5.2)
0 if [I| < =% and x ¢ |J Bi(c).
ceC

Proof. The first four equivalences follow immediately from Theorem 4.3 and Theo-
rem 4.4. We now prove the equivalence of (1) and (5). Firstly we assume that C is
an MDS (P, 7)-code. Let I € Z"(P) and = € ;. There are two cases.

Case I. For r < ”;Lk, using Lemma 4.1, no two codewords of C' belong to the same I-ball.

Also, since two I-balls are either disjoint or identical, it follows that

1 ifze U Bile),
[Br(x) N C| = oo
0 ifxzé¢ U Bil(o).

ceC

Case II. For r > "T_k, by Proposition 2.1, there exists an ideal J € IM(P) such that
J C I. Since By is a subspace of By of codimension (|| — |.J|)m, therefore the number
of cosets of By in By is ¢{I!I=17D™_ This also holds for B; (z) for any z € Fg- Therefore

1Bi(x) N C| = ¢WI=Dm B, (2) n O
Since C' is J-perfect, using Theorem 4.3, we get

|Bi(z)NC| = gU11=17hm
= qm‘1‘7n+k.

Conversely, assume that for any ideal I of P and = € F!, we have (5.2). In particular,

for any I € I%(P) and z € F)!, we get |[Br(z) NC| = ¢° = 1 which proves that C is an

n—k

I-perfect code for all I € Z"+ (P) and hence an MDS (P, 7)-code. O

Remark 5.1. For the case of block metric, Theorem 5.1 reduces to [4, Theorem 4.1]. In
addition, we have that a code is an MDS block code if and only if there are ¢° codewords
of C in every set of (=% + §) blocks.

Next we determine the weight distribution of an MDS (P, 7)-code for the case when
all the blocks have the same dimension.

Theorem 5.2. Let (P, ) be a poset block structure with ky = ky = --- = ks = m and C
be a (n,k,d) MDS (P, )-code over F,. Then
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1 if w=0,
WAL w—d ) .
(qm - 1)16;(13)]:0(_1)] (lM(§)71)q(w_d_J)77l wa 2 d.

Proof. The proof is on similar lines as in the case of poset metric [5, Theorem 3.4] and
hence omitted. O

For the case of RT-metric, we can obtain the number of codewords of (P, 7)-weight w
since we can count the number of ideals of P of cardinality w with ¢ maximal elements
[14] as follows.

Corollary 5.1. Let P be a disjoint union of p chains of size t each and w be a labeling of

the poset P with ki = ko = -+ = ks = m and C be an (n,k,d) MDS (P, 7)-code over
Fy. Then

1 ifw=20,

0 fl<w<d-1,

Au o (€)= ) » flsws
(@™ =1 )or(lw) ¥ (=17 (51 g™ ifw>d
=1 3=0

where

Ut(l5w):|{(a17a23"'?al)GNl:a1+a2+"'+a’l:w7OSai§ta1§l§p}|'

Proof. The result follows from the fact that the number of ideals of P of cardinality w
with / maximal elements is given by (7)o (I, w) (see [14, Lemma 3.2]). O

Remark 5.2. (i) In the above corollary by taking ¢ = 1, P becomes an antichain of
cardinality s and the metric reduces to block metric. In this case, for an (n, k, d,) MDS
block code C', we have

w—dy 1 -
Aw(C) = (g™ —1) (5)) (-1) (wj )q(“’d””m for w > d,
i=0

Jj=

as seen in [4, Theorem 4.4].

(ii) In Corollary 5.1, taking p = 1, P becomes a chain of cardinality s and the metric
reduces to NRT block metric. In this case, for an (n, k,d) MDS NRT block code C, we
have

Aw,(pm)(C) = (¢" — 1)q(w7d)m for w > d.

For a hierarchical poset block metric, Theorem 5.2 yields the following result.
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Corollary 5.2. Let P = H(s;s1,582,...,8¢) be a hierarchical poset of s elements with
t-levels and C be an (n,k,d) MDS (P, 7)-code over F,. Then, for w > d, we have
A (©) = (4™ = 1) K )
w,(Pm\™) = w—(s1+ 82+ +51-1)
wz_:d < (s1+s2+- +s81-1) — 1) JLw—d=i)m
= j

where | = l(w) is defined to be the integer satisfying

(s1+s2++s1)<w<(s1+ 82+ +s).

In the following proposition, we generalize [5, Proposition 3.13] for an (n, k,d) MDS
(P, m)-code.

Proposition 5.1. Let (P, ) be a poset block structure with ki = ko = =ks =m and
C be an (n,k,d) MDS (P, m)-code over F,. Then we have the followmg inequalitz’es:

> | 1as]

—k e k
gr>t Tl T e By (5.3)
m |75 T2 (P)] m
>
2 ki k
AL B e S B S AP} (5.4)
m EeE) mom

Proof. Using Theorem 5.2 for r = "W_k + 2, we have

m m n—=k
Nosinpme =@ =0 X @ (" E 111l

rez P

— =i el - () X il

—k
noE(P)

IeT

Since Au—r 15 (pyc) = 0(£ >2), we get (5.3). By Theorem 5.1, C* is an (n,n — k)
MDS (15, 7)-code. Applying the above argument to C*, we get (5.4). O

Remark 5.3. For the case of block metric, the above proposition reduces to [4, Theorem
4.4].

In what follows, we show that the class of MDS poset block codes is quite large. The
following proposition is a generalization of [5, Proposition 4.4] and proves that every
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(2=k)_perfect (P, 7)-code is an MDS (P,7)-code when all the blocks have the same

m
dimension.

Proposition 5.2. Let (P, ) be a poset block structure with ky = ko =--- = ks =m and C
be an (n, k) code over Fy. If C is ("T*k)—perfect (P, 7)-code then C is an MDS (P, )-code.

Proof. Let [ € I"%" (P). Suppose ¢ € By(c') where 0 # ¢,¢/ € C and ¢ # ¢'. Then
(supp,.(c — ')y C I. Since C is an ("T_k)—perfect (P, m)-code, therefore the minimum

weight of C' is at least "T_k + 1. Thus, we get

n—k

which is a contradiction. Hence, C' is I-perfect for all I € Z= (P). Using Theorem 5.1,
C'is an MDS (P, 7)-code. O

The following example shows that the converse of the above proposition does not hold.

Example 5.1. Consider P to be an antichain on the set {1,2}. Consider F§ with the
(P, m)-metric where k1 = ko = 2. Let C be the (4,2) code generated by the following
generator matrix:

1 01 2
01 1 1"

For the code C, d = d(p)(C) = 2. Since

4-2
d=——+4+1=2
2 + ’

therefore C' is an MDS (P, 7)-code. Denote (10, 12) and (21, 02) by ¢ and ¢/, respectively.
Then

(10, 02) S B(p,ﬂ—) (C7 1) N B(pm)(cl7 1).
This implies that C' is not a 1-perfect code.

Remark 5.4. It follows from Theorem 5.1 and Lemma 4.2 that the converse of Proposi-
n—k

tion 5.2 holds when |Z = (P)| = 1.

Lemma 5.1. Let P, Q be posets on [s] such that Q is finer than P. Let w be a labeling of
the poset P with ky = ke =---=ks=m. If C is a MDS (P, 7)-code then C is an MDS

(Q, m)-code.
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Proof. Since @ is finer than P and the labeling 7 is fixed, we have d(p)(z,y) <
d(@,x)(x,y) which implies that d(p ) (C) < d(g,x)(C). Using (5.1),

n—k n—k
+1=dpx)(C) <dgn(C) <

+1,
m

which implies that d(g ) (C) = %=£ + 1. Hence C is an MDS (Q, 7)-code. O

Corollary 5.3. An MDS block code C is an also an MDS poset block code for every poset
defined on the set of blocks.

Example 5.2. Let 7(1) = 7(2) = n(3) = 3. Consider the code C generated by the
following generator matrix:

10 01 00100
01001 0O01O0
001 001001
Then C is an (9,3) code with d, = 3. Therefore
—k
T ri—d,.
m

Hence, C is an MDS block code. Using Corollary 5.3, C' is an MDS (P, 7)-code for every
poset P defined on {1,2,3}.

Theorem 5.3. For every (n,k) code C' over F, and a positive integer m such that m
divides n and k, there exists a (P,)-metric with ky = ko = -+ = ks = m for which C
is an MDS (P, w)-code.

Proof. Consider an information set of C, say A. By definition, A C [n] with |A| = k
and ¢ € C is non-zero if and only if its projection on A is non-zero. Since m divides k,
we divide A into blocks of dimension m each. Also, m divides n — k, thus we divide the
remaining positions, namely [n] \ A, into blocks of dimension m each. Let P; and P, be
arbitrary posets on the blocks corresponding to A and [n] \ A respectively. We denote
by P the ordinal sum of P, and Ps. If ¢ € C is non-zero, then there exists i € A such
that ¢; # 0. Therefore,
n—=k

w(p)ﬂ)(c) > ’LU(PJT)(CZ‘) = - + 1.

Since ¢ # 0 was an arbitrary codeword, we have d > "T_k + 1. It follows from (5.1) that
C'is an MDS (P, 7)-code. O

Remark 5.5. In particular, we have that for any code C, there always exists a poset block
metric for which C is an MDS poset block code.
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