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In this paper, we investigate the properties of o-A-nuclei of a quasigroup including
relations between them and relations between their respective component sets, where
o € S3. We also find connections between components of o-A-nuclei of a quasigroup
and components of o-A-nuclei of the isostrophic images. Further, we investigate the
properties of various inverse quasigroups using the derived connections. These properties
will not only make the study of o-A-nuclei of a quasigroup simple but also reduce the
time required in the computation of o-A-nuclei of a quasigroup for different values of o.
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1. Introduction

Garrison [8] introduced the notion of quasigroup nuclei in 1940. It measures how far
a quasigroup is from a group by measuring the near-associativity of the quasigroup.
It has been shown in [16] that if a quasigroup (Q,-) has a non-trivial left/ right/
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middle nucleus then the quasigroup (Q,-) has a left identity/ a right identity/ an
identity element. A detailed historical background of A-nuclei of a quasigroup has
been discussed by Shcherbacov in [19][20]. Belousov [I] generalized Garrison’s nuclei
to proper quasigroups by introducing the concept of left, right, and middle regular
permutations, which can be used to measure the quasigroups’ near-associativity in
the absence of a left or right unit. Several authors have investigated connections
between quasigroup nuclei and groups of regular permutations of quasigroups [, 2]
4, [T4]. The A-nuclei (autotopy nuclei) of a quasigroup are then identified as groups
of left, right, and middle regular permutations, and have been studied extensively
by Belousov, Kepka, Keedwell, Anthony, Shcherbacov, ete. [, 1T 14}, [T9]. It is worth
noting that if the quasigroup is a loop, then the non-trivial components of the loop’s
left /right A-nuclei coincide with left /right translations by elements of the left /right
nuclei, and hence the notion of A-nuclei may be considered as a generalization of
a quasigroup’s nuclei. The connections between components of the A-nuclei of a
quasigroup and components of the A-nuclei of its isostrophic images have been
discussed in [20]. The reader may refer [19, [20] for a detailed survey on A-nuclei of
a quasigroup.

The concept of left, right and middle o-A-nuclei of a quasigroup, as a general-
ization of left, right and middle A-nuclei respectively, has been introduced in [7]. In
this paper we characterize the inverse sets of o-A nuclei and their respective com-
ponents. Further, characterization of the products of o-A-nuclei and 7-A-nuclei of
a quasigroup and their respective component sets have been discussed. We also find
connections between o-A-nuclei of a quasigroup and o-A-nuclei of its isostrophic
images, as well as between their respective component sets. Further, we use the con-
nections of o-A-nucleus of a quasigroup and its isostrophic images to investigate
properties of o-A-nuclei of various inverse quasigroups.

The paper has the following structure: Section 2] presents some basic definitions,
notations and results required for the subsequent sections. In Sec. Bl we define
o-A-nuclei of a quasigroup and investigate some of their properties. Further, we
derive connections between components of the o-A-nuclei of a quasigroup and its
isostrophic images. Section [ discusses properties of various inverse quasigroups.
Conclusions are finally drawn in Sec.

2. Preliminaries
In this section, we present some definitions and notations required for our study in

this paper [, [6] [16H20].

Definition 2.1. A groupoid (Q,x) is called a quasigroup if there exist unique
solutions z,y € @ of the equations z xa = b and a xy = b for all ordered pair

(a,b) € Q2.

In other words, a groupoid (@, *) is called a quasigroup if in the equality xxy = z,
knowing any two elements from z, y, z uniquely specifies the remaining one element.
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In view of the above definition, given a quasigroup (@, *) it is possible to asso-
ciate five other operators (12, «(13) 4(23) 4(123) 45 «(132) known as parastrophes
of quasigroup (Q, *) as follows:

THY =2 < y*(12)x:z = z*(ls)y:x — x*(23)z:y
— y*(123)z:x = z*(132)x:y.

Note that the quasigroup (Q,*7) is known as T-parastrophe or T-parastrophic
image of quasigroup (Q, %), where 7 € S3.

Let (Q, *) be a groupoid and let ¢ be a fixed element of Q). The maps L.: Q — Q
and R.: Q — @ defined as L.z = cxz and R.x = xxc, for all x € Q, are, respectively,
called the left and the right translations.

If (Q,*) is a quasigroup then it is possible to define third kind of translation,
known as middle translation, P.:Q — Q defined as x x P.x = ¢, for all z € Q.

In terms of translation maps Definition [2.I] can also be written as: A groupoid
(Q, ) is called a quasigroup if the left and right translations L. and R, are bijective
maps for all ¢c € Q.

Definition 2.2. A groupoid (G, o) is an isotopic image or isotope of a groupoid
(G, %), if there exist permutations «q, ag, ag of the set G such that

roy = a3 (az* asy) (2.1)
for all z,y € G.

We can also write the equality (21) as (G,o) = (G, *)R, where the triplet
R = (a1,a9,as) is called an isotopism or isotopy of the groupoid (G,x). It can
easily be seen that an isotopic image of a quasigroup is also a quasigroup.

If the two operators o and * are equal then triplet R is called an autotopism or
autotopy of binary groupoid (G, x). Let Avt(G, x) denote the set of all autotopies of
a groupoid (G, *). It can easily be seen that Avt(G, ) forms a group with respect
to usual component-wise multiplications of autotopies.

If 7 € S5 and R = (a1,a2,a3) is an isotopy of a binary groupoid (Q, ),
then the action of 7 on the triplet R denoted by R”™ shall be defined as R™ =
(aT—ll, Qr—19, a7713).

Definition 2.3. A quasigroup (@, B) is an isostrophic image or isostrophe of
(Q, A), if there exists a collection of permutations (o, (a1, a2, a3)) =(o, R), where
o € S5 and R = (aq, as, a3) is triplet of permutations aq, ag, a3 of the set @ such
that

B(x1,72) = A(x1,22)(0, R) = a3 " Al 2y-11, 2Ty 1) (2.2)
for all x1,x2 € Q.

The tuple (o, R) is known as isostrophism or isostrophy of the quasigroup (Q, A).
We can rewrite (Z2) as B = (A%)R. We shall call «;, the ith component of
the isostrophism (o, R), for i = 1,2,3. Definition 23] can also be written as: An
isostrophic image of a quasigroup is defined as an isotopic image of its parastrophe.
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Let (o, R) and (7,S) be isostrophisms of a quasigroup (@, A). Then their mul-
tiplication is defined as follows:

(0, R)(r, S) = (o7, R"S), (2.3)
where A°7 = (A%)7 and (21,22, 23)(R™S) = ((x1,22,23)R")S, for all quasigroup
triplets (z1, z2,x3).

It may be noted that this multiplication has been defined in different way by

Belousov, Lyakh, Keedwell and Shcherbacov [3] [13] [15].
The inverse of an isostrophism (o, R) is

(0. R) = (LR Y )= (01 0y, apa, a53)). (2.4)

If the binary operations A and B in Definition [2.3]are equal then the tuple (o, R)
is called an autostrophism or autostrophy of the quasigroup (Q, A). Let Aus(Q, A)
denote the set of all autostrophisms of quasigroup (@, 4). Aus(Q, A) forms a group
under the multiplication operation defined in ([Z3]).

Theorem 2.1 ([4]). If quasigroup (Q,0) is an isostrophic image of quasigroup
(Q, *) with an isostrophy 0, i.e. (Q,0) = (Q,*)0, then Aus(Q,0) = 61 Aus(Q, *)0.

Definition 2.4. Let (G, *) be a groupoid and let ¢ be an element of G. Then ¢ is
left (right, middle) nuclear in (G, *) if Lesxy = LyLe (Rywe = RiRey Lysxe = LeLy)
for all z € G.

If ¢ is left, right and middle nuclear in (G, %) then c is called nuclear in groupoid

(G %)

Definition 2.5. The left nucleus N; (right nucleus N,., middle nucleus N,,) of a
quasigroup (@, *) is the set of all left (right, middle) nuclear elements in (@, *).
Equivalently,

Ni={a€Q|ax(xxy)=(a*xx)*y, Vo,y € Q},

Ny ={acQf(@xy)ra=zx(yxa), Vo,y € Q}

and

Ny ={a€@Q(zxa)xy=xzx(axy), Vo,y € Q}.

The nucleus N of the quasigroup (Q, ) is defined as N = N; N N, N N,,.

If Ny (N,, Np,) is non-empty, then N; (N,, N,,) is a subgroup of quasigroup
(@, *) [16]. It has been shown that there is a weakness in Garrison’s nucleus, viz., if
a quasigroup (@, ) has a non-trivial (or non-empty) left or right or middle nucleus
then the quasigroup is a left loop or a right loop or a loop, respectively [8] [16].

Definition 2.6. The left (right, middle) A-nucleus of a quasigroup (@, *) is de-
fined as the set of all autotopisms of the form (o, e,v) ((g, 3,7), (o, B,¢)) of the
quasigroup (@, x), where «, 3, are permutations of the set ) and ¢ is the identity

mapping.
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Table 1. Connections between components of A-nuclei of a quasigroup and its isostrophic
images.

‘ (e, R) ((12), R) ((A3), R) ((23),R) | ((132),R) | ((123),R)

o -1 N -1 N -1_N- -1 N -1 _N- -1 N
1V} a N« a”  gN,a a” " gNa | a” Nya | a” " gNja | a” 3N«

sNP | vTEaNy | v NGy | v Ny | v o Ny | NGy | v Ny
o N7 B71,N,.B BTYINB | BT oNLB | B7IN,B BT14NB | BT INLB
NS | v aNoy | v Ny | vTH Ny | v Ny | TNy | TNy

o -1 N -1 N -1_N- -1 N -1 N -1_N-
1Ny | o N | o yNja | a ' 3N« a” N a tHN,a a” 3N

oNow | B71eNRB | B7HINLB | BTN, 8 B3N8 B3N8 B~V INB

Note that the symbol A in the above definition stands for autotopy. We shall,
respectively, denote these three sets of autotopisms by NlA, NA and N2 and their
sets of all ¢th components by Nl , ;N2 and ;N2 respectively, for i = 1,2, 3.

Table [I] shows connections between components of the A-nuclei of a quasigroup
(Q,-) and components of the A-nuclei of its isostrophic images of the form (Q, o) =
(Q, )(o, R), where 0 € S3, R = (o, 8,7) and «, 8,7 are permutations of the set Q
[19] Note that, to denote the A-nuclei of quasigroups (Q, o) and (Q,-) the symbol

A (for autotopy) is replaced by the binary operations o and -, respectively.

The left, right and middle A-nuclei of a quasigroup have been generalized to the

left, right and middle o-A-nuclei respectively, for o € S3, as follows:

Definition 2.7 ([7]). The left (right, middle) o-A-nuclei of a quasigroup (@, -)
is defined as the set of all autostrophisms of the form (o, (o, ,7)) ((o, (g, 8,7)),
(0, (e, B,¢€))) of the quasigroup (Q, -), where a, 8, are permutations of the set @,
¢ is the identity mapping and o € Ss.

Note that, the left, right and middle e-A-nuclei of a quasigroup can be considered
as the left, right and middle A-nuclei of the quasigroup, respectively.

We shall denote the left, right and middle o-A-nuclei by N/, “NA and N/,
respectively. Let GN{t, TN/ 4 and 7N7 denote the respective sets of all ith compo-
nents of members of the left, right and middle o-A-nuclei, for ¢ = 1,2, 3.

It may be noted that N7 = (N2 = GN7 = {¢}. We shall call these sets as
trivial component sets.

Remark 2.1. It may be noted that (o,(a1,a9,a3)) € “Ni* if and only if
(07! (ag-11,05-10,a5-13)) € Jile, where
r o ifot2=1,
v="_1 ifol2=2,
m ifo712=3.
Thus we have

TIN{ DI T NA£D, forall o € Ss. (2.5)
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3. Properties of o-A-Nuclei

In this section we characterize the inverse sets of o-A-nuclei and the products of two
o-A-nuclei of a quasigroup, and their respective component sets. Further, we find
connections between o-A-nuclei of a quasigroup and o-A-nuclei of its isostrophic
images and parastrophic images, and their respective component sets.

Recall that if G is a group and B C G is any subset, then we denote by B! the
set of inverses of elements of B, i.e. B~' = {z7! |z € B}. Let (Q, ) be a quasigroup
and G = Aus(Q,-), the group all autostrophies of (Q,-). For each permutation
o € S3, we shall characterize B~!, where B = “N2 C Aus(Q,-), for v € {l,m,7}.
For more clarity in notations and result, let us consider a particular example.

Let o0 = (12) and v = r. We claim that

(DNt = AN, (3.1)

In view of Remark 2.1l the result is trivial for the case a 2)Nf = (. So, we prove
@) for TP NA £ (. We shall show the inclusions in both directions. Let ¢ €
(LD NA)=1 Then we have o=+ € PP NA Thus there exist permutations as, as of
Q such that o= = ((12), (¢, a2, a3)), which implies
¢ =1((12), (03" e,a5")) € PN (3.2)
Thus ((1 2)N;f‘)_1 ca 2)Nf‘. The other way inclusion can be shown on similar lines.
Also, from we have a;! € UUNA and o3 € (12)NA, which implies
2 14Vy 3 34V
(N7 CANE and (RN C TN Stmilarly, TN € (TN
and "2ANA € (M2NA)-1 Thus
L N I G IVIR L )
Note that we shall omit the relations for the trivial component sets.

The following theorem gives a complete description of the inverse sets of o-A-
nuclei of a quasigroup and their respective component sets, for any o € Ss.

Theorem 3.1. If (Q,-) is a quasigroup, then for all o € S
(1) (NN = ' NA, where

r ifo12=1,
v=< 10 ifo"12=2,

m ifo 12 =3.

Further, ((N{)™' = 24 NA and (3N{)~1 = 7. N4,

v o 13

(2) (N = JilNl‘j‘, where
r ifoll=1,
v=<1 ifo 1 =2,

m ifo" 11 =3.
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Further, (gNA)*1 = % NA and (GNAH~L = 713NA.

r o124V w
(3) ("NAYL=7" Nf}, where
r ifo13=1,
v=11 ifoc13=2,

m ifo13 =3.

Further, (TNA)" = 7N and (3N4) 7 = TN,
Proof. (1) From Remark 1]t is clear that N7* = () if and only if Uﬁle =0,
so we are done. We prove the result for 7N lA # (). We shall show the inclusions in
both directions. Let ¢ € (‘TNA)’1 Then o1 € ”Nf‘. Thus there exist permutations
a1, g, ag of Q such that ¢! = (o, (a1, s, a3)), where ap = ¢. Hence

p=(p) = (0 (ag) agss ag3)). (3.3)
Let ¢ = (071, (1, 2, 3)). On comparing the components we get ; = a_}, i.e.
o1 =a; ", fori=1,23. (3.4)

When i = 2, p,-19 = a2_1 = ¢, which implies that (07!2)th component of ¢
is identity. This shows ¢ € UﬁlN;“ and hence (“N{)~t C "71NA. Also, from
BA) and ¢ = (671, (o1, p2,03)) € ‘Tﬁle we get a; ' € T, NU, which implies
(GNM)LC T NA fori=1,3.
Conversely, let ¢ € N 4. Then there exist permutations 1, @a, @3 of Q such
that ¢ = (671, (p1, ¥2, ¢3)), where p,-15 = . Thus
80_1 = (o, (80;—111780;—112»S0;—113)) = (o, (@;}11»5780;—113)) € UNIA~ (3.5)
This shows ¢ € (“N{*)~! and hence Uﬁle C (N~ Also, from [B5) we get
©o-1; € (5N{)~1, which gives a’ilNﬁ‘ C (N7t fori = 1,3 (since ¢; € ailiNf}).
(2) and (3) can be proved on similar lines. |

Using Theorem [B.I] the components of inverse sets of a left, right and middle
o-A-nuclei can be found from the components of left, right and middle o~ !-A-nuclei
of a quasigroup and vice versa. Table [2] shows relationships between components of
o-A-nuclei and o~ 1-A-nuclei of a quasigroup (Q, -) obtained from Theorem 3. for
all o € S3.

Recall that if G is a group and B and C' are subsets of GG, then the product of
B and C' is the subset of G defined as

BC ={bc|be B and ce C}.

It may be noted that BC = ) if and only if at least one of B, C = 0.

Let (Q,-) be a quasigroup and G = Aus(Q, -). For each permutation o, 7 € S3,
we shall characterize BC, where B = N4 C Aus(QQ,-) and C =" NA C Aus(Q, ),
where u,v € {l,m,r}.

2350202-7
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Table 2. Relationships between components of o-A-nuclei and o~ 1-A-nuclei.

. (1]\7?)71:1]\7?4 (2N71~4)71:2N7~4 (N2 =N
(3N1A)71 = 3NlA (3Nf)71 = 3Nf (QNT(?L)71 = 2N§?L

az AN =N | @B =Ny | (i) = AN
((12;N24),1 _(12§N;f‘ ((12§N;f‘)71 _(12;Ni4 ((12%NA)—1 :(12%N,,‘?L

ay AN O AN =Wvg | N = TN
ANy =N | (O =N | (PN A) = PN

(23) ((?‘iNlA)*l =Cnd | (@NH T =Np | () =N
((23;’NLA),1 (23%]\/% ((2 3%]\/;4)71 (23;,1\7;4 ((23%NA),1 (23%Ni4

(123) ((123%Ni4),1:(132%N;4 ((123%]\7;4),1 (132{N§1 ((123%]\/%)71 OJQ%NA
((123%Nl,4),1:(132%N? ((123§Nf),1 (132%]\7;% ((12331\[%)71 (132%]\/‘4

(132 @2ANY = C2NA | (NS = C2Np | (PN A) T = PN
((132)NlA),1 (123%N7,?L ((132%Nf),1 (123;Ni4 ((132%N£L),1:(123%Nf

The following theorem gives a complete description of products of o-A-nuclei and

7-A-nuclei of a quasigroup and their respective component sets, for any o, 7 € S3.

Theorem 3.2. If (Q,-) is a quasigroup, then for all o,7 € S

(1) “NATN{A = "N, where
rooifri2=1,
v=<L1 ifr7'12=2,
m if T12=3,
provided " N2, " N#* # (. Further.
(TTNA
34
(2) INATNA ="NA, where

T

T

roifrl1=1,
v=<1 ift7l1=2,
m if 11 =3,

ONTATANTA __ 0T nTA ONATNA _
NG INT = 7IN{ and __GNJ SN =

~13

provided " NA,"NA # (). Further. INATNA = 7INA and . INAINA =

[ )
BN
(3) “NATNA =7"NA

o, where

rooifr i3 =1,
v=<10 ifr13=2,
m ifr13=3,

2350202-8
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pmm:led TN} TNy # 0. Further, N} IN{ =Ny and _GN{IING =
oT
NZ..
24 m

Proof. (1) We shall show the inclusions in both directions. Let ¢ € N2 and
Y € "N{*. Then there exist permutations ¢1, 2,3 and 1,93 of @ such that

¢ = (07 (¢17¢27 ¢3)) and ¢ = (7.7 (¢1,€,¢3))7 where ¢T*12 = ¢. Then
¢¢ = (UTa (¢T*111/117 ¢T*127 ¢T*13¢3)) (36)

= (UTv (¢T*11w17 g, ¢r*131/)3)) € GTNIA (37)

(because ¢ € Aus(Q,-)). Thus “NATNA C "N This gives 77N # 0, since
INATNA £ (). Also from (7)) we obtain ¢,-1191 € TN and ¢,-1303 € LN,
which implies N TN C7IN{ and N2 5N C7ENE

Conversely, suppose that ¢ = (07,5) € " N{*, where S = (a1,¢,a3) for some
permutations oy, az of Q. Since N2 # (), there exists an element say ¢ € 7 N:}.
Then there exist permutations ¢1, @2, ¢3 such that ¢ = (o, (P1, P2, P3)), where
¢r-19 = €. Let T = (¢1, P2, ¢3). As we know that ¢, p € Aus(Q,-) and Aus(Q, -) is

a group, we have ¢~ 1y € Aus(Q, ). Also
67l =(0,7) (o7, 9) = (07, (T71)7 Yo7, 8) = (7,(T})"S).
On substituting the values of T" and S, we get
¢ o= (. (¢; 1 0, 0 1y, 0 igas)
= (1, (6711100, 6,67 11303)) = Y(say) € TN7'

(because the second component is identity). Hence, for any element ¢ € 77N lA,
there exists an element ¢ € N7 and an element ¢ € "N{* such that ¢yp = ¢,
ie, TN C O NATN{. Also we get for a; € 75N there exists ¢,-1; € Tfl‘INf
and qS;lliozi € TN such that (¢T—1i)(¢;}liai) = q;, for i = 1,3. Thus TN C
ENAINR and TINA € g NAING.

(2) and (3) can be proved on similar lines. |

Table [3 is obtained using Theorem that shows relationships between com-
ponents of o-A-nuclei, 7-A-nuclei and o7-A-nuclei of a quasigroup (Q,-), for all
o,T € S3.

Let quasigroup (@, o) be an isostrophic image of a quasigroup (Q,*) with an
isostrophism 0, i.e., (@,0) = (Q, *)8. In order to distinguish the o-A-nuclei of the
quasigroups (@, *) and (Q,o), we shall replace the symbol A (which stands for
autotopy) by * and o (the binary operations), respectively.

The following theorem gives a complete description of left, right and middle
o-A-nuclei of isostrophic images of the form (Q,0) = (Q,*)(7, (a1, a2,a3)) of a
quasigroup (@, *) and their respective component sets, for any 7 € Ss.

Theorem 3.3. If quasigroup (Q, o) is an isostrophic image of a quasigroup (Q, )
with an isostrophy 0 = (7, (a1, a9, as)), i.e., (Q,0) = (Q,*)0, where T € Ss3, then

2350202-9
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Characteristic properties of o-A-nuclei of a quasigroup

the following hold:
(1) “Ny =61 T”TilN;O <= o =¢ or (13), where
rooifri2=1,
v=<L1 dfr7'12=2,
m if =12 = 3.

Further, ,ZJ: o € {&(13)}, then N} = a;,lllTizziNjal and GNP =
oz;,llsT‘;ZSNf)ag.
—1
(2) ONo=60"177 N0 <= o =c¢ or (23), where
rooifrl1=1,
v=<1 ift71=2,

m if T 11 =3.

Further, if o € {e,(23)} then INo = a;}lzTiZZ;N;ag and N2 =
arl, T Niag.
(3) 7N, =071 TUT71N$9 < o =c¢ or (12), where
roifrl3=1,
v=_1 ifr13=2,

m ifr13=3.

Further, if o € {g,(12)} then IN°, = o ' TJT71N$a1 and GN° =

oc-11 711
—1 TO'TilN*
Oég,l2 s 19 2.

Proof. (1) We shall show the inclusions in both directions. Let T = (a1, ag, a3),
ie. @ = (1,T) and ¢ € “Ny. Then there exist permutations ¢1, @2, ps of @ such
that ¢ = (0, (p1, 2, 93)) = (0, R) (say) where pa = c. We have ¢ € Aus(Q, o) and
by Theorem 211 00~ € Aus(Q, ). Also
O~ = (1,T) (o, R)(r, T) "
= (1, T)(oTﬁl,RTil(Tfl)Til)

1 —1

= (TUTﬁl,TUTilRTi (Tﬁl)T ).

On substituting the values of T" and R we get
e (L (a(mfl)lsﬁﬂaﬁlv 0(7071)2%204;21, 0(7071)3%3047—31))
= (TUT?lv (ﬁl? 627 ﬂ3)) (Sa’Y)'

Comparing the components we obtain 8; = Oé(.,-a-—l)isﬁfria;il, ie. Br-1; = 0p-1,000;
for i = 1,2,3. As pg = ¢, for i = 2 we have f,-15 = ozrlQa;l. Thus e~ €

1
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70771N$ if and only if B, 15 = ¢ if and only if a, 105" = ¢, i.e. 0 = £ or (13)

(since o € S3). Hence
9ONI L CTOT NT = g=¢c or (13). (3.8)

Also, for o € {¢,(13)} and ¢ = 1,3, we obtain a,- 11%04_1 = BT 1, € T”TizN:j,
that gives a,-1; (Nfa; ' C 777, N* and « o713 IN?az! C 7‘7313]\7*

Conversely, let ¢ = (7’0'7' 1,R) € TN *. Then there exist permutations
©1, P2, p3 of Q such that R = (¢1, @2, p3), where ¢, —15 = . We have p € Aus(Q, ),

and by Theorem .11 we get 07190 € Aus(Q, o). Also
0 0l = (r,T) (ror™ ', R)(7,T)
= (L (T ) (Fo, RTT)
= (o, (T H°R™T).

On substituting the values of T and R, and as ¢,-15 = ¢, we get 0 1l =
(o, (0(;,111@7-7110(1,0(;71120(2,a;}lSQDT—lga?,)) € °Ny if and only if ac,.leaz_l = ¢,
i.e. 0 =¢ or (13). Hence

071”771]\[39@61\[;} < o=¢ or (13). (3.9)

Also, for o € {&,(13)}, we obtain a;lllgpfllal € ZNO and o 40,1303 € §NT.
Therefore aglllT‘;zllN o C ”Nl and ag 13 TiCISN az € §N7. From (8.8) and
B3) we obtain NP = #1777 N*9 < o=cor (13) Also for 0 € {g,(13)},
we have N} = a1, 777, Njar and §N§ = at,, 77, Niag,

(2) and (3) can be proved on similar lines. |

For o € {(13),(23),(12)}, Table @ shows connections between components of
o-A-nuclei of a quasigroup (@, *) and components of o-A-nuclei of its isostrophic
images of the form (Q,0) = (Q,*)(7,T), where T' = («, 8,7) and «, (8,7 are per-
mutations of the set Q, for all 7 € S3.

Note: We already have Table [Il that shows connections between components of
e-A-nuclei of a quasigroup and its isostrophic images. Hence we have omitted the
case when o = ¢, as left (right,middle) e-A-nucleus of a quasigroup coincides with
the left (right,middle) A-nucleus of the quasigroup.

Corollary 3.1. Isostrophic quasigroups have isomorphic components of o-A-
nucleus, for o € {e,(12),(13),(23)}.

Proof. The proof follows from Table [ O

Let (Q,0) be a 7-parastrophe of a quasigroup (Q,x), where 7 € Ss. Then
(Q,0) = (Q,+") = (Q,*)(r,e). Here the symbol € denotes (g,¢,¢), where ¢ is
the identity mapping.
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Table 4.

images.

Characteristic properties of o-A-nuclei of a quasigroup

Connections between components of o-A-nuclei of a quasigroup and its isostrophic

(e,T)

((12),T)

((13),T)

((23),T)

((123),T)

((132),T)

13 o
T,

~—1(13 *
o7 1( ;Nla

771 (23%]\[:0{

—1(13 *
0 1( %Nla

_1(12) Ars
o7 1( iNma

—1(23 *
71 ®ANra

1 (12) e
v AN

(13)
3 V7

—1(13)
@ NIy

—1(23) Arx
a 1 ( %Nr’y

—1(13)
@ 1N

—1(12
a ANy

—1(23
a 13Ny

_1(12
« 1( iN:‘n'y

23
Cng

NS

NGB

N8

v 2N

N8

NGB

23
@ANe

B3Ny

671 (1 3§Nl*,y

1IN

671 (2 J%N:’y

BN

671 (1 «?NZ*,Y

12
NG,

671 (12;N:=na

671 (1 Q%N,*noc

5—1 (23§N:05

671 (1331\7;0!

5—1 (13§N;=a

671 (2 3%]\7:“0(

12
NG,

_ 12
a 2Ny B

0571 (1 2%N:n6

a—l (23%N:=6

0571 (1 Sngﬁ

a—l (1 SiN;kB

0571 (2 3§N:=B

The following theorem gives a complete description of left, right and middle
o-A-nuclei of 7-parastrophes (Q, o) of a quasigroup (Q, *) and their respective com-
ponent sets, for any o, 7 € Ss.

Theorem 3.4. Let (Q, ) be a quasigroup and (Q, o) be a T-parastrophe of (Q, ),
i.e., o = %", where T € S3. If = (1, &), then for all o € S3 the following hold:

(1) ON9 = 6-1777 'N*0, where

rooafri2=1,
v={1 ifrl2=2
m if T2 =3.
Further, (N7 = lff;tI;N;; and GN? = 7T N
=0 , where
2) N° =017 N*0, wh
roafrTl1=1,
v=<1 ift7l1=2,
m if 7711 = 3.
Further, 3N = 777, N7 and §No = "9, N’
-1
=0 , wnere
(3) °N2, =6-17" ' N*0, wh
roifr13=1,
v=<1 ifr13=2,
m ifr13=3.
Further, (N3, = "7, N’ and §N, = "7, N*.

Proof. (1) We shall show the inclusions in both directions. Let ¢ € “N7. Then
there exist permutations ¢1, @2, @3 of @ such that ¢ = (o, (¢1,p2,3)) = (0, R)
(say), where @3 = . Therefore ¢ € Aus(Q,o), and by Theorem [ZI] we have
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O~ € Aus(Q, *). Also
O~

7,€)(0, R)(1,€) "
ror L, RT 1)

TOT (SDTla P72, SDTS))

(
(
(
(ror™ !, (a1, a2, a3)) (say).

Table 5. Connections between components of o-A-nuclei of a quasigroup and its
T-parastrophes.

[o\r ] | € [ (12 [ (@3 | (23 [ (23 [ (132 |
iNy iNy 3N s N7 N, 3Vr 5N
3NV7 3VT 3V7 iNT 3N 5N7 N,
ENO EN* SN* EN* EN* SN* SN*
2°'r 2-'r 1-'1 2°'m 3°'r m 371

3 * *
3N 3Ny aNy iNm 3Ny EN:‘n iNy
Ean N 3N 3IV7 Ny 3T SN7
5N, 3N N sNT sNT iNT 3N7

(1 2)]\/O (1 2)]\/?c (1 2%]\7; (23;2,Nz‘ (1 S)N:;L

(12)NO (12)N* (12)N* (23{Nl* (13)]\[4<

T3) \rm 23) nrx
N | BNy,

I3 = (2 S)N*

A A . m 24V r
(1 2) (12)NO (1 2)]\[3< (1 2)Nl* (23%N;kn (13 3§N: (1 3{N7*n (23)]\[?<
(1 2) NO (1 2)]\[3< (12) N* 2 Z?N;kn (1 B%N: (1 B%N:n (2 fi)]\p<

A 1
(T 2)NO (T 2)N* (1 2)N* 2 SQ;N:- (1 S)N* (1 SQ;N? 2 S)N*
T 2)N?n T 2%N* T 2{1\% N | O 3>N* TN | @ g

2 3T
(13)NO T 3)Nl* 2 3%N;t (T2 ”N* (T Q)N* (23 ”N* (T 2>N*

(T S)Nlo (T S)Nf 2 S)N* (T S)N;‘ (T 2)N;kn (2 SQN;*. & 2)N:n
(T S)No (T S)N* 2 S)N* (T S)N;kn (T 2)N* 2 B{N:n T2) =

A 371
(13>No (IB)N* (23)N* T3) 3y (12>N* TN | ANy

(13)

m 2°"'m
(1 3)NO (1 3)N* (23 E)N* (13 E)N* (1 2)]\/4< (23)]\/4< (1 2)]\/4<

38
(1 3%Nﬁ1 (1 3) N* (23 ?N:n (1 3) N* (1 2) N* (23) N? (1 2)N:

3
2 S)Nlo 2 S)Nf (T3) nr= a 2>N* 2 B)N* a 2)N* (I3) nr=

1 2-'r l m 2°'m

(23;’N? (2 3%]\/?‘ (1 3)N* (1 2)Nl* (2 3)N* (1 2%]\/* (13{N*
T

(2 3) (23)NO (2 ii)]\p< (1 3)Nl* (1 2)]\[4< (23 ”N* (1 Q{N* (1 3§N7
m

@ 3>No @ 3)N* TNy | @ 2>N* @ 3>N* TN | TENr

l
2 3) NS, 2 S)N* (T S)N* (T 2)N* (2 S)N* (T 2)N* (T S)N*

1Vm 1 1
2 3)N$n 2 S)N* (I S)N* (I 2)N* 2 S)N* (I 2)N* (I S)N*
(123)N;’ (123)Nz* (132>N* (132>N?‘ (132)N* (123)N* (123)N*
(123)Nf (123§N;‘ (132)N* (132)N;* (132)N* (123%N* (123)N*
(123)NO (123)N (132)N* (132)N (132)N* (123)N (123)N*

(123) "
(123)NO (123)N* (132)N2‘ (132)N* (”2)N* (123)N* (123)Nl*
(123)NO (123)N* (132)N* (132)N* (”2)N;‘ (123)Nl* (123)N*
(123)No (123)N* (132)N* (132)N* (132)N* (123)N* (123)N*
(132)N;’ (132)Nz* (123>N* (123>N;‘ (123)N* (132%N,’i (132%]\77”
(132)NO (132)N* (123)N (123)N* (123)N* (132%]\7: (132)N
(132) (132)NO (132)N* (123)N* (123)N* (123)N* (132)N* (132)N*

1°%7 l
(132)No (132)N* T23) s (123)1\/* “23)1\/* (132>N* (132)N*

m

3°'r 31 l
(132)NO (132)N (123)N (123)N* (123)N* (132)N* (132)N*

m m L l
(132>No (132>N* (123>N* (123>N* (123)N* (132)N* (132)N*
m m
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Characteristic properties of o-A-nuclei of a quasigroup

Then on comparing the components, we get a; = @4, i.e., a,—1; = @; fori =1,2,3.
For i = 2, a,,—15 = o = &, which implies fpf~! € T‘TTilej. Hence §7N70~! C
TUT?INT). Also we get ¢; = a;—1; € T"TT;;NTJ, for ¢ = 1,2,3. Thus {N7 C T‘;ZZ;NT)
and GN? C 77T, N

Conversely, let ¢ € ‘N ». Then there exist permutations 1, 2,3 of @
such that ¢ = (to771, (91, p2, 03)) = (To771, R) (say), where p,-15 = £. We have
¢ € Aus(Q, *) and by Theorem ZT1 0~ € Aus(Q, o). Also

07 0l = (1,€) Y(ror™, R)(1,€) = (0, RT).

TOT

On substituting the value of R, and as @p,-15 = &, we get 07 lpf =
-1
(0, (pr-11,€,pr-13)) € “N7. Hence 71777 N0 C “Nj7. Also observe that
pr11 € INY and ¢, 15 € N7, thus 777, N3 C (N7 and 77 N7 C GN3.
(2) and (3) can be proved on similar lines. m|

Table Bl shows connections between components of o-A-nuclei of a quasigroup
(Q,*) and components of o-A-nuclei of its 7-parastrophes (Q,0) = (Q, "), for all
o,T € S3.

Note that the T-parastrophes (Q,0) = (Q,*") = (Q, *)(7, €) can also be consid-
ered as isostrophic images of quasigroup (Q, x) with isostrophisms (7, €).

4. o-A-Nuclei in Inverse Quasigroups

In this section we will study properties of the o-A-nuclei of various inverse quasi-
groups using the connections derived in Sec. Bl In Sec. @1l we shall discuss on
(o, B, v)-inverse quasigroups and in Sec. 2] we shall discuss on A, p and p-inverse
quasigroups.

4.1. (o, B,7)-inverse quasigroups

Let (Q,-) be a quasigroup. Then (Q,-) is an (o, 8,7)-inverse quasigroup if there
exist permutations «, 3, of the set () such that

a(z-y) - fr =y (4.1)

for all z,y € @ [11,20]. From definition of autostrophism, ([@.1) is true if and only if
0 = ((123), (o, B, 7)) is an autostrophism of (@, -). Thus from Theorem 3.3l we get in
an (o, B, 7)-inverse quasigroup 1IN = 9-1 @3 NAg @I NA — g1 (2 NAg 5nq
A29na — g1 3)Nf‘9, which implies that the left (13)-A-nucleus is isomorphic
to the right (23)-A-nucleus, the right (2 3)-A-nucleus is isomorphic to the middle
(12)-A-nucleus and the middle (12)-A-nucleus is isomorphic to the left (13)-A-
nucleus. Hence 3)NlA, @ S)Nf and (12)N;;‘1 are isomorphic in an («, 3,~)-inverse
quasigroup (Q, -).
Also observe from above that

(1 S)NzA _ 971 (2 3)N;49 _ (92)71 (1 Q)N;%QQ _ (03)71 (1 3)Ni403,
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which  implies 62 N(UPNA).  Similarly  we have 6%e N(Z3INA)
and 63 e N(1DNA) It can easily be seen that 6% = (8va, vo8, afy). Thus in an
(a, B, 7)-inverse quasigroup, we have (Bya, ya8, afy) € N(MINHNAN(EHINAN
N(ADNA)Y,

A quasigroup (Q, -) has the weak-inverse-property (WIP) if there exists a per-
mutation J of the set @ such that

x-Jy-xz)=Jy (4.2)

for all z,y € @ [2L[12]. A WIP quasigroup is a (J, €, J)-inverse quasigroup [2], which
implies that if (@, ) is a WIP-quasigroup with respect to the permutation J, then
(J2,02,02) e N(BINMHAN(EINAHYNNEDINA)Y.

A quasigroup (@, ) has the crossed-inverse-property (CI) if there exists a per-
mutation J of the set @ such that

(@-y)-Jo=y (4.3)

for all z,y € @ |9, 12]. Thus a CI quasigroup is an (e, J,e)-inverse quasigroup,
which implies that if (Q,-) is a Cl-quasigroup with respect to the permutation J,
then (J,J,J) € N("INHNNEINAHYNNTDNAD).

A quasigroup (Q, -) has the (r, s, t)-inverse-property if there exists a permutation
J of the set @ such that

J(x-y) - Jx = Jy (4.4)

for all z,y € Q [I1} 13]. Thus an (r, s, t)-inverse quasigroup is a (J, J*, J*)-inverse
quasigroup, which implies if (@, -) is an (r, s, t)-quasigroup with respect to the per-
mutation J then (J7tstt jristt jristty ¢ NI NHYAN(@INHAN(EDNA),

A quasigroup (Q, -) has the m-inverse-property if there exists a permutation J
of the set @) such that

J™(x-y) - J e = J™my (4.5)

for all z,y € Q [I0HI2]. Thus an m-inverse-quasigroup is a (J™, J™*L J™)-inverse
quasigroup, which implies that if (Q,-) is an m-inverse-quasigroup with respect
to the permutation J then (J3m+1 j3m+1 jdm+ly ¢ N (13 NAY A N(@3INA) N
N(ADNAY,

Since an («, 3,7)-inverse quasigroup has ((123), (o, 8,7)) autostrophism,
from Table M we conclude that in an («,f,7)-inverse quasigroup, we have
T I Tt To
@NA = g OYNAL, OINA = 57 CYNpa, and GYNA — ot AN,
Therefore, in an (g, 8,~)-inverse quasigroup, we have a 3%NZA = 771(23:%]\7;4 =
7_1ﬁ_1(12%N;;‘ﬂ = 7_1ﬁ_1(13%Nf‘ﬁ'y, which implies 8y € N((lgiNlA). Also,
we have (13§Nf‘ = (zgngv = 7_1(122Nf,‘lﬁ'y = 471871 (13§NZA67, and hence
By € N(UUN). Thus By € N(CINH) AN (EYND).
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Characteristic properties of o-A-nuclei of a quasigroup

Similarly, in an («,e,7)-inverse quasigroup, we have ya € N((122N;?1) N
N((1 2%Nf,‘l), and in an (o, 3,¢)-inverse quasigroup, we have af € N((23%N;f‘) N
N(®IND).

It can be observed that if (@,-) is a WIP-quasigroup with respect to the per-
mutation J, then J? € N((1 2%N;?1) N N((12%Nﬁl) and if (@Q,-) is a Cl-quasigroup
with respect to the permutation .J, then J € N((lgiNlA) N N((lggNlA) and
JeNPINYHNN(EIND).

4.2. X\, p and p-inverse quasigroups

A quasigroup (Q,-) is a A-inverse quasigroup if there exist permutations A1, A2, A3
of the set @ such that

Ax - Aa(z - y) = A3y (4.6)

for all z,y € @ [Bl [II]. From definition of autostrophism, (£6) holds if and only if
0 = ((23), (A1, A2, A3)) is an autostrophism of (@, -).

From Theorem B3] we conclude that in a A-inverse quasigroup, we have
AINA = g1 ADNAg CINA — =1 2INAG and TDNA = -1 TINAG
which implies left (13)-A-nucleus is isomorphic to middle (12)-A-nucleus. Also,
AHNA = g1 EDNAG — (62)-1 I3 NAG2 which gives 62 € N(PINP), FINA =
g1 <23>N;:‘9 gives § € N(?3INA) and PINA = 9=t IINAG = (2)~1 1D NAg2
implies #2 € N(U?NA). Thus in a Minverse quasigroup, § € N(?®N4) and
0> c N(WINMHNNEDNAD).

From Table @ we have in a A-inverse quasigroup (lsiN f‘ = A3 ! (I?N ﬁl)\l,
B T I R S

INZ = A5 IN{ AL, and VNG = A 3N Ao

A quasigroup (Q,-) has the left-inverse-property (LIP) with respect to a per-
mutation A of Q if

Az -xy =1y (4.7)

for all z,y € @ [2, 20]. Note that (@7) is true if and only if ((23), ()N e,¢)) is
an autostrophism of (Q, -). Therefore, an LIP-quasigroup is a A-inverse quasigroup
with A\; = XA and Ay = A3 = &. Also from ([@T) we have \2z(\r - 2y) = zy, i.e.
A2z -y = x -y, which gives A2 = ¢. Hence in LIP-quasigroup a 3{]\7;“ = (122]\7;;‘1/\,
(13) NA A (1 2)NA nd (2 3)NA (2 3)NA

A quasigroup (@, -) is a p-inverse quasigroup if there exist permutations p1, p2, p3
of the set @) such that

p1(z-y) - p2y = pax (4.8)

for all z,y € @ [5, I1]. From definition of autostrophism, (@8] is true if and only if
0 = ((13), (p1,p2,p3)) is an autostrophism of (@, -).

From Theorem B3] we conclude in a p-inverse quasigroup, we have 3N ZA =
g1 I NAg CINA = g1 UDNAG and TDNA = 9= @3 NAG which implies
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right (23)-A-nucleus is isomorphic to middle (12)-A-nucleus. Also observe that in
a p-inverse quasigroup 6 € N (! 3)NlA) and 62 € N(CINAHYNNTDINA).

From Table [ we conclude in a p-inverse quasigroup, we have @ 32 N zA =
pit CANRpr CENE = oV ANy CUNE = o CANT e, PENY =
3 VN gy, CHNA BN A and ORNA = ) O3y

A quasigroup (@, -) has the right inverse property (RIP) with respect to a per-
mutation p of @Q if

Ty py =1 (4.9)

for all z,y € @ [2 20]. Note that (@9]) holds if and only if ((13), (e, p,€)) is an
autostrophism of (@, -). Therefore, an LIP-quasigroup is a p-inverse quasigroup with
p2 = p and p; = p3 = &. Also from [@9), (zy- py)p*y = 2y, i.e., x- p*y = x-y which
implies p? = . Hence, in an RIP-quasigroup ! 31NlA =4 33NlA, (2 3%Nf = 2%Nf,‘lp,
and (12%N;;‘1 =p (23§N;4.

A quasigroup (Q, -) has the inverse property (IP) (with respect to permutations
A and p of Q) if it is both LIP and RIP-inverse quasigroup [2]. Thus \? = ¢
and p? = e. Hence in IP-quasigroup (13%NIA = (13§Nf‘, (23%N;4 = (23§N;“, and
02y & 02 ya

A quasigroup (Q,-) has the weak commutative inverse property (WCIP) with
respect to a permutation J of @ if

J(x-y) y=Jx (4.10)

for all z,y € @Q [20]. Note that (@I0) is true if and only if ((13),(J,e,J)) is an
autostrophism of (Q, -). Therefore, WCIP-quasigroup is a p-inverse quasigroup with
p2 =&, p1 = p3 = J and J? = ¢ (from Lemma 3.15 [20]). Hence in the WCIP-
quasigroup, uS;N{‘ = J(13§NZAJ or (132]\71‘4 = (13?))Nj4, (23%N;4 = J(12%N;?1, and
2INA = CONAT.

A quasigroup (Q,-) is a p-inverse quasigroup if there exist permutations
11, 2, pg of the set @ such that

1y - por = ps(x - y) (4.11)

for all z,y € @ [20]. It may be noted that (LII) holds if and only if
((12), (p1, p2, p3)) € Aus(@Q, ).

From Theorem B3] we have in a p-inverse quasigroup a S)Nf‘ =910 3)N;f‘9,
EHNA = g1 (INAG and BINA = 91 LD NAG which implies left (13)-A-
nucleus is isomorphic to right (2 3)-A-nucleus. Also observe that, 82 ¢ N(!3) NN
N(@3INA) and § € N(UDINA),

From Table [ we conclude that in a p-inverse quasigroup, we have (132N f‘ =
OO, BN i G, N — i O, Y
it N, AN = N A, B i

m
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Characteristic properties of o-A-nuclei of a quasigroup

5. Conclusions

In this paper, the characterization of the inverse sets of o-A-nuclei and products of
o-A-nuclei and 7-A-nuclei of a quasigroup, and their respective component sets have
been discussed (where o, 7 € S3). Further, connections between the components of
the o-A-nuclei of a quasigroup and components of the o-A-nuclei of its isostrophic
images have been derived. Finally, we have investigated properties of o-A-nuclei of
various inverse quasigroups using the derived connections.

This study may further be carried out to obtain more relationships on o-A-nuclei
of a quasigroup. Also, the properties of the o-A-nuclei may further be explored for
various other quasigroup classes available in the literature.
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