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1. Introduction

The theory of error-correcting codes deals with the study of linear subspaces of Fy,
where Fy' denotes the space of all n-tuples over the finite field F,. Most of the studies in
coding theory have been made on codes endowed with Hamming metric. An optimal class
of codes having interesting mathematical structure is the class of perfect codes. A code
is said to be perfect if balls of some particular radius centered at the codewords of C
are disjoint and cover Fy. Perfect codes find applications in group theory, combinatorial
configurations and Diophantine number theory. One of the limitations of considering
Hamming metric is the scarcity of perfect codes [14].

During 1990’s, applications of codes in cryptography, experimental designs and high-
dimensional numerical integration and more interestingly, the generalizations of the
classical problems of coding theory motivated the researchers to explore codes endowed
with metric other than Hamming metric. Using partially ordered sets and Niederreiter’s
generalization of the classical problem of coding theory [12], Brualdi et al. [2] introduced
the concept of codes endowed with poset metric. The class of perfect codes with respect
to poset metric is extremely large due to the increased packing radius in this case [5].
Moreover, MDS codes with respect to poset metric also occur in abundance [8]. In |7,
9,10], the approach has been to define poset on the set of n coordinates such that the
given code in Hamming space turns out to be a perfect poset code. However, to the best
of our knowledge, no general construction is known. In [11], Lee has given an algorithm
to add or remove coordinates from a given perfect poset code resulting in new perfect
codes. However, the result needs to be revised in view of the counter example given in
section 3.

Block metric or m-metric, introduced by Feng et al. [6], is another generalization
of Hamming metric. Encompassing poset and block structures, poset block metric was
introduced by Alves et al. [1] and is by far the most generalized of all approaches,
including the widely studied NRT block metric [13] which forms a subclass. It may be
seen that the relationship between block metric and poset block metric is analogous to
that of Hamming metric and poset metric. We explore the perfectness of block codes in
poset block space.

In section 2, basic definitions have been presented. In section 3, we present a counter
example to show that the algorithm given by Lee [11, Theorem 3.1(2)] does not hold.
Generalizing the same, a modified algorithm to add or remove blocks from a given poset
block metric so as to obtain new perfect codes has been derived. As a particular case,
the corresponding necessary and sufficient conditions for the construction of new perfect
poset codes have been obtained. In section 4, we present a bound on the height of poset
which turns a given w-code into r-perfect poset block code. Using the above, we show
that the binary Simplex code of order 3 can not be 2-perfect code with respect to poset
metric. Also, all the poset structures which admit the extended ternary Golay code to
be a 3-perfect poset code have been classified.
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2. Preliminaries

In this section, basic definitions of poset block metric space have been provided.

Let Ps; = ([s], <) denote a poset with s elements, where [s] ;== {1,2,...,s} and < isa
partial order on [s]. An ideal I of the poset P; is a subset of [s] such that if i € I and
j <i,then j € I. For X C [s], we denote by (X) the smallest ideal containing X, called
the ideal generated by X. We prefer to denote the ideal generated by X = {i} as (i)
rather than ({i}) as in [1]. We denote by Mx the set of maximal elements of X C Ps.
As per convention, we use the Hasse diagram to represent Py graphically and call it
P,-graph. To give description of the poset P,, we use the following notations:

TO(P,) = {i € [s] : (i) =t}
To(Ps)={i€ls]:a<i}
I (P,) =W (P,) NT4(Py).

For an integer £ with 1 < ¢ < s, we define the poset P’ on [s] as follows (Fig. 1):
(+10+2 s

1 2 3 L
Fig. 1. P’-graph.

We have that:

TP ={1,2,....6}
@) ={t+1,...,s}
O (PH=9¢if2<a<d.

S

Let 7 : [s] = N be a map such that n = > w(¢). The map = is said to be a labeling of
i=1
the poset Py, and the pair (Ps, ) is called a poset block structure over [s]. Let 7 (i) = k;

and consider
_ k1 k2 . ks
V = IFq X ]Fq X X ]Fq

which is isomorphic to Fy. Each @ € Fy can be written as z = (z1,x9,...,25) where
z; € ]F};hl < i < s. The block support or m-support and (Ps, 7)-weight of = € [y are
defined, respectively, as

supp,(z) ={i:1<i<s,x; # 0}
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and

w(p,m (x) = |(supp,(2))|

where | - | denotes the cardinality of the given set. For =,y € Fy,

d(Psm)(iI?, y) = w(PSJr)(z =)

defines a metric over Fy called the poset block metric or (Ps, m)-metric. The pair
(Fy,d(p, x)) is said to be a poset block space.

A k-dimensional subspace C' C Fy is said to be an (n,k,d(p, )) (Ps, T)-code, where
[y is equipped with the poset block metric d(p, (-, -) and

d(p, = (C) = min{wp, n(c): 0 #ce C}.

When the label 7 satisfies 7(i) = 1 for all ¢ € [s], the poset block metric reduces to
poset metric or P,-metric introduced by Brualdi et al. [2]. Similarly, the block metric or
m-metric introduced by Feng et al. [6] becomes a particular case of poset block metric
when P is taken to be an anti-chain. When 7 (i) = 1 for all i € [s] and P is an anti-chain
then the poset block metric reduces to the classical Hamming metric. We use subscript H
to denote Hamming metric. Also, suppy () denotes the set of all non-zero coordinates of
x € Fyy. When [(i)| = i for all 7 € [s], i.e., when the poset is a chain, the metric becomes
NRT block metric [13]. In addition, if we take (i) = 1 for all ¢ € [s], the metric becomes
NRT metric, a particular case of Rosenbloom-Tsfasman metric [15].

For a metric d on Fy, the ball with center z and radius 7 is denoted by By(w,r) and
is defined as

Bi(w,r) ={y € Fy : d(z,y) <r}.
For all z € Fy,

|Bp, (z,r)[ =14+ Y > (¢ = 1Yq" 79 (i); (2.1)

i=1 j=1

Baa =1+ 3 (" — 1l — 1) (2.2)

A=1 1<ii<...<in<s

|B(p, r(z,7)| = 1+ZZ Z H H q (2.3)

i=1 j=11€6;(i) mEMy Z<m;m€M1

where Q;(i) = {I C P, : I ideal, |I| = 4, |M;| = j}, 6;(3) = {I C P, : I ideal, |I| = i,
|Mr| = j}-
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The packing radius of a code C C F with respect to a metric d on Fy is defined as
the largest non-negative integer Rq(C') such that any two balls of radius R4(C') centered
at distinct elements of C' are disjoint. The covering radius of a code C with respect to a
metric d is defined as the smallest non-negative integer pg such that the balls of radius
pa centered at the codewords of C' cover the whole space, i.e.,

]FZ = U Bd(C, pd).
ceC

A code is said to be an r-perfect code with respect to metric d if

Fy = |_| By(e,r)

ceC

i.e., the balls of radius r with respect to the metric d are disjoint (the partition condition)
and cover the whole space (the sphere packing condition).

3. Algorithm for construction of new perfect codes

In this section, an algorithm for the construction of new perfect poset block codes
from a given perfect poset block code has been derived. In particular, we modify the
algorithm [11, Theorem 3.1] for the case of poset metric. Lee [11, Theorem 3.1] proved
the following result. We denote by e; the vector with 1 at i-th position and 0 elsewhere.

Result 3.1 (/11, Theorem 3.1]).

(1) Assume that C is an r-perfect (n, k) Py,-code. Consider the P} |-poset constructed by
connecting a new variable n + 1 to some elements of the set {1,...,n} in P,-graph,
and let (n+1,k+1) P} -code C' = (C,x) for x € Fy. Furthermore, we assume that
wpy, (€:) (the weight of e; given by poset P, ) is the same as wp, (€;) (the weight
of e; given by poset P,) for alli = 1,...,n. Then C" is an r-perfect P} -code if

wpy ., (€ny1) =7+ 1.

(2) Assume that C is an r-perfect (n,k) P,-code and that the variable n is connected
with some elements of the set {1,...,n} in P,-graph. Consider the P)'_,-poset con-
structed by removing the variable n of Py-graph, and let (n — 1,k — 1) PY_;-code
C" = {(c1,...,¢n—1) * (c1,...,¢4-1,0) € C}. Furthermore we assume that
wpr (e;) = wp,(e;) for alli = 1,...,n — 1. Then C" is an r-perfect P, _;-code

or C ={(a1t,...,an_1t,t) : t € Fg} for some fized a; € Fy. In particular if there is
no perfect P)'_,-code, then C = {(a1t,...,an_1t,t) : t € Fy} for some fived a; € F,,.

Firstly, we give a counter example to show that Result 3.1(2) [11, Theorem 3.1(2)] is
not correct.
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Example 3.1. Consider F§ with the poset metric determined by the following poset Py
(Fig. 2):

1

Fig. 2. Ps-graph.

Let Hs be the (8,4,4)y extended binary Hamming code with parity check matrix given
by:

— ==
O =
— O
SO~
—_—_Oo
O = O
_o0 O
SO O

Then as seen in [2, ex. p. 60|, Hs is a 2-perfect Pg-code.
Let P be given by (Fig. 3):

2 3 4 5] 6 7

1

Fig. 3. Pé/—graph.

i.e., P/ is obtained by removing the 8-th element from Ps. Consider the code
Hg = (cl,...707) : (Cl,...,C7,0) S Hg}

It can be seen that HY is a (7,3,4)y code. By Result 3.1(2) [11, Theorem 3.1(2)], we
envisage that HY is a 2-perfect P;’-code. But we have dpy((1,1,0,1,0,1,0),¢) > 3 for all
c € H3. Therefore, (1,1,0,1,0,1,0) ¢ Bpr(c,2) for any ¢ € Hz. This contradicts that
HY is a 2-perfect Py-code. O

We generalize [11, Theorem 3.1] to the case of poset block metric and develop an
algorithm to construct new perfect codes by adding (or removing) a block to (or from)
the given perfect poset block code. The correction to Result 3.1(2) [11, Theorem 3.1(2)]
has been provided as a particular case of the following theorem. The following lemma is

easy to observe.
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Lemma 3.1. Consider Fy endowed with (Ps, w)-metric.

(i) Consider the P, -poset constructed by connecting a new variable s + 1 to some
elements of the set {1,...,s} in Ps-graph. Also, assume 7' to be a label satisfying
7'(i) = w(i) for all i € [s] and 7'(s + 1) = key1. Then the (P |, n’)-metric on
Fy x IFl;S“ satisfies w(py, | 7 (x) = w(p, ) (x) for all x € Fy if and only if s +1 €
MP.;+1 :

(ii) Consider the P! ,-poset constructed by removing the variable i of Ps-graph where
i € [s]. Also, assume 7" to be a label satisfying ©"(j) = n(j) for all j € P ,. Then
the (P]_y,7")-metric on Fy~% satisfies wpr vy (x) = wip, x(x) for all x € =k

if and only if i € Mp,.
Theorem 3.1. Assume that C' C Fy is an r-perfect (n, k) (Ps, T)-code.

(i) Let P, be a poset constructed by connecting a new variable s +1 to some elements
of the set {1,...,s} in Ps-graph such that s + 1 € Mp, . Also, assume 7’ to be
a label satisfying ©' (i) = (i) for all i € [s] and 7'(s + 1) = ksy1. Consider the
(n 4 kst1,k + ksy1) code C' = {(c,*) forc € C and x € ng“}. Then C' is an
r-perfect (P, ,,7")-code if and only if |(s +1)| > r + 1.

(if) Let P! | be a poset constructed by removing the variable ¢ of Ps-graph such that
i € Mp,. Also, assume 7" to be a label satisfying ©"(j) = n(j) for oll j € P ;.
Assume that k > k; and there does not exist a coordinate position which is zero for
all codewords of C. Consider the (n — ki, k — k;) (PY_,,7")-code

C" = {(Clv <oy Ci—1,Cig 1, - - '708) : (Cla .. 'aci—1a07ci+1a .. .,Cs) € O}

Then C" is an r-perfect (P)_,,7")-code if and only if |(i)| > r + 1.

Proof. (i) Since s+1 € Mp,, , using Lemma 3.1(i) we have w(p;, | ) (z) = w(p, m (z) for

all z € Fy. Firstly, assume that [(s+1)| > r+1.If x € FZ%S“ such that s+1 € supp, (),

then w(p;, | «)(z) > r+ 1. Hence

|B(P5/+1,7T/)(O7r)| = |B(P3,ﬂ')(07r)‘ - qn_k-

n+ksi1
q .

This implies that the balls of radius  with respect to (P, ,,7’) metric cover

We need to show the partition condition. Let, if possible,

(1‘1, To,. .. ,l‘s+1) € B(pS/Jrl’ﬂ/)((Cl, Co,y. .. 7CS_;,_l), ’I“) N B(Ps/+117",)((61762’ ceey 65-5-1)77”)-
Then w(P;Hm')(JUl —C1,T2 — C2,..., X541 — Cs+1) < 7 and w(P;+1,7r')($1 — C1, T2 —
Gy syl — Es41) < 1. Since (s + 1)| > r + 1, therefore 2411 = cs41 = é541. Thus we

have
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(x1,22,...,25) € Bp, r)((c1,¢1,...,¢5),7) N Bp, = ((€1,¢1,...,85),7)

which is a contradiction to the fact that C' is an r-perfect (Ps,m)-code. Hence, the
partition condition holds and C” is an r-perfect (P, ;,n")-code.

Conversely, let C' be an r-perfect (P, ,,7")-code. Let, if possible, [(s + 1)| < r + 1.
Take any non-zero vector v € IFI;S“. Then v € C" and

v E B(p;rlm/)(o, 7“) N B(Ps/+1777/)(v’ 7“).

This contradicts that C” is an r-perfect (P, ,,7’)-code. Therefore, (s 4 1)| > r + 1.

(ii) Since i € Mp,, using Lemma 3.1(ii) we have wpr  7m(x) = w(p, r)(z) for all
x € IFZ_}’“. Firstly, assume that |(i)] > r + 1. Let = € IE‘Z_’W C Fy. Since C' is an
r-perfect (Ps,m)-code there exists a unique ¢ € C such that x € Bp, ) (c,r). Since
[(i)] > r 4+ 1, we must have ¢; = 0. Thus (c1,...,¢—1,Ci11,...,¢5) € C" and z €
Bpr  wmy((c1y- -+, ¢im1,Cit1,- -+ Cs), 7). This implies that

Foh = L Bipe, (o).
C”GC”

Conversely, let C” be an r-perfect (P._;,7")-code. Since both C and C” are r-perfect,
we have |B(ps7ﬂ.)(0,’l“)‘ = |B(p5//7177r//)<0,7">| = qn—k. Also, B(P;Ll,ﬂ//)(o,r) - B(Ps,ﬂ') (0,7).
This implies that Bpr | 7(0,7) = B(p, =) (0,7). Let, if possible, [(i)| < 7+ 1. Take any
non-zero vector u € IB"; Then u € B(p, x)(0,7) whereas u & B(pr  (0,7), which is a
contradiction. Thus [(i)| >r+ 1. O

As a particular case of the above result, we now provide the modified version of
Result 3.1 [11, Theorem 3.1].

Theorem 3.2. Assume that C' C Fy is an r-perfect (n, k) Pp-code.

(i) Let P}, be a poset constructed by connecting a new variable n+1 to some elements
of the set {1,...,n} in P,-graph such thatn+1 € Mp; . Consider the (n+1,k+1)
code C" = {(¢,*) for c € C and x € Fy}. Then C' is an r-perfect P}, |-code if and
only if [(n+1)| >+ 1.

(ii) Let P!_, be a poset constructed by removing the variable i of P,-graph such that
i € Mp,. Assume that k > 1 and there does not exist a coordinate position which is
zero for all codewords of C. Consider the (n — 1,k — 1) code

C/I = {(Cl, ey Ci15Cig 1y e ,Cn) : (Cl, . ,Ci_1,070i+1, . ,Cn) S C}
Then C" is an r-perfect P!_,-code if and only if |(i)| > r + 1.

Remark 3.1. It is worth noting that the converse of Result 3.1 [11, Theorem 3.1] is also
true.



98 B.K. Dass et al. / Finite Fields and Their Applications 46 (2017) 90-106

Remark 3.2. When |(i)| = 1 for all ¢ € [s], i.e., for the case of block metric, it is clear
from Theorem 3.1 that no new perfect codes can be obtained by removing a block from
a given r-perfect code. However, new perfect codes can be obtained by adding a block
s+1 with |(s+1)| = 2, which shall result in a poset block metric. Further, when 7 (i) = 1
for all ¢ € [s], i.e., for the case of Hamming metric, it is clear from Theorem 3.2 that
no new r-perfect codes can be constructed from a given r-perfect code by removing a
coordinate. However, new perfect codes can be obtained by adding a coordinate n + 1
with [(n 4+ 1)| = 2, which shall result in a non-Hamming metric as illustrated in the
following example.

Example 3.2. Consider F3 with the poset metric determined by the anti-chain poset Pr
which is nothing but Hamming metric. Let C be the (7,4, 3) y Hamming code generated
by the following generator matrix:

000 1111
011001 1].
101 0101

It is a 1-perfect code with respect to Hamming metric. Consider the following poset P}
(Fig. 4) formed by adding a coordinate to P;:

8

° °
1 2 3 4 5

e
-Je

Fig. 4. P§-graph.

Since [(8)] = 2, using Theorem 3.2 we have that the code C" = {(¢, *) for ¢ € C and
* € Fo} is a 1-perfect Pj-code. O

Remark 3.3. Let P, be the chain poset and C' be an r-perfect NRT block code such that
no coordinate in C'is all zero. Since Mp, = {s} and [(s)| > r, it follows from Theorem 3.1
that only the s-th block can be removed provided k > k. Blocks are added by extending
the chain, i.e., (s+1)-th block can be added at (s+1)-th level of the poset P, . Further,
when 7(i) = 1 for all ¢ € [s], the metric reduces to NRT metric. Let P, be the chain
poset and C be an r-perfect NRT code such that no coordinate in C' is all zero. Using
[2, Theorem 2.1], we get r = n — k. Since Mp, = {n} and |[(n)| > n — k, it follows from
Theorem 3.2 that only the n-th coordinate can be removed provided k£ > 1. Similarly,
all the coordinates up to n — k can be removed one by one. Coordinates can be added
by extending the chain, i.e., (n+ 1)-th coordinate can be added at (n+ 1)-th level of the
poset P’.

We now present an example to illustrate Theorem 3.1.
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Example 3.3. Consider F3 with the (P3,7) metric where Pj is given by (Fig. 5):
2 3

1

Fig. 5. Ps-graph.

with (1) = 2 and 7(2) = m(3) = 1. Let C be the (4,2) code generated by the following
generator matrix:

1 01 2
01 1 1|
It is clear that d(p, ) (C) = 2. Using the formula for the packing radius of a hierarchical
poset block code given in [4, Theorem 3.9], we get R(p, »)(C) = 1. Using (2.3), we have
By (0,1)] =1+ (3% = 1)
=32
Thus, the balls of radius 1 are disjoint and cover F3. Hence, C is a 1-perfect (Ps, 7)-code.
Now Mp, = {2,3}. Let Py = {1,2}. By Theorem 3.1(i), we have that the (3,1) code
C" ={(00,0), (11,2), (22,1)} is a 1-perfect (P4, 7"")-code. Similarly, removing the second

block yields a 1-perfect code, namely, C” = {(00,0), (21,2), (12,1)}.
Addition of another block of any dimension can be done in the following ways (Fig. 6):

4 4 4
9 3 4
2 3 92 3W2 3
1
1 1 1

Fig. 6. P4-graphs.

In each case, using Theorem 3.1(ii) we have that the (5,3) code C’ = {(¢,*) : ¢ € C,
x € F¥} is a 1-perfect (P}, 7')-code. O

As a corollary to Result 3.1 [11, Theorem 3.1], Lee proved the following result.
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Result 3.2 ([11, Corollary 3.2]). Let P, be the poset with n-elements, 1 <2 < --- < n.
Then C is a perfect P,-code if and only if C is the type of {(0,...,0,tn—g+1,---,tn) :
t; € ]Fq}

We provide a counter example to show that the above result does not hold.

Example 3.4. Consider F3 with Ps-metric where Ps is the chain poset. Let C' C F3 be
the code generated by the following generator matrix:

111 00
0 0 0 1 0f.
00 0 01

Then C'is a (5,3) code with dp, (C') = 3 = n—k+1. Using [13, Theorem 5], Rp, (C) = 2.
Also, using (2.1) we get

|Bp,(0,2)] =1+ Q(1) +2Q(2)
=4

which implies that
C].|Bp,(0,2)] = 2°.

Hence, C is a 2-perfect Ps-code although C' is not one of the codes mentioned in [11,
Corollary 3.2]. O

Remark 3.4. The correction to [11, Corollary 3.2] is [2, Theorem 3.1].
4. Perfectness of a block code in poset block space

It is well known that the extended binary Hamming code, H,,, and the extended
binary Golay code, Go4, are not perfect with respect to Hamming metric. In [7,9,10],
the authors have investigated whether there exists a poset on the set of coordinates
which admit these code to be r-perfect poset codes for different values of r. We note
that the relationship between block metric and poset block metric is analogous to that
of Hamming metric and poset metric in the sense that the poset has to be defined on
the set of blocks instead of coordinates. Using the approach used for H,, and Gs4, we
now investigate whether there exists a poset on the set of blocks of a m-code C' which
turns the code into a perfect poset block code.

Proposition 4.1. Let C' be a code which is not perfect with respect to m-metric. Then there
does not exist a poset on the set of blocks of m which admit C to be an r-perfect poset
block code for r < {%J .
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Proof. Since C' is not perfect with respect to m-metric, we have
p=(C) > R (C). (4.1)
Let Ps be a poset defined on the set of blocks of 7. From [4, Proposition 3.10], we have
Bp, = (x,1) C Br(z,7).

Therefore, the covering radius of a code C with respect to (Ps, 7)-metric is always greater
than or equal to that with respect to m-metric, i.e.,

pp.m)(C) 2 px(C). (4.2)
From (4.1) and (4.2), we get
pip.m (C) > Ba(C).

Thus, the code can not be r-perfect (Ps,m)-code for r < {%J since R.(C) =

{%J as seen in [3]. O

In the following proposition, we generalize [7, Lemma 1] and [9, Lemma 1] to obtain a
bound on the height of poset which turns a given m-code into an r-perfect (Ps,7)-code.

Proposition 4.2. Let C be an (n,k) m-code. Let r be a positive integer such that
{%J < r < d.(C)— 1. If a poset Py defined on the set of blocks of m turns C

into an r-perfect (Ps,m)-code then
P, =TO(PHU...uTr=9(P,)
where t = d;(C) — (r + 2).

d.(C)—1
2

Proof. Since { <71 <d(C)—1, we have t > 0 and r —t > 0. We prove the

result by contradiction. Consider the following two cases:

Case I When t = 0.

Assume that there exists a block ¢ with [(i)| > r. Let 2 € F&* be any non-zero vector.
Then wr(z) = 1 and w(p, ~(z) > 7+ 1. Since d(C) = r + 2, therefore x ¢ C. Since
C is an r-perfect (P;,m)-code, there exists ¢ € C such that © € B(p, x)(c,7). Also
wp, ) (x) > 7+ 1 implies that ¢ # 0. Therefore, wr(c) > r + 2. We get

d(p, (z,¢) > dr(z,0)
= wy(z —¢)

>r+1

which is a contradiction.
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Case II When t # 0.
Suppose that there exists a block ¢ such that |(i)| > r —¢.

If |(i)| > r + 1, take t blocks ji, jo,...,j: € [s] \ {i}.
If |(i)| < r + 1, take t blocks j1,J2,...,7: € [s] \ (3).

Take x such that supp, () = {i, j1, j2, ..., jt}. Then wy(x) = t+1and wp, ) (x) > r+1.
Since d(C) = r + t + 2, therefore z ¢ C. Since C' is an r-perfect (Ps,7)-code, there
exists ¢ € C such that © € B(p, ) (c,). Repeating the argument as in Case I, we get
the result. O

Remark 4.1. It is worth noting that for d,(C) < 3, there does not exist any r € Z* such
that | &1 <r<d, —1.

Corollary 4.1. Forr = {%J +1 (i.e., 7 = R (C)+1), the above proposition reduces
to
B rO(PpP,)uT@ (P, if d=(C) is even
T rO@)UTOPYUTE(P,),  if de(C) is odd.

Using Corollary 4.1 and the parameters of a given code, we may ascertain if there
exists any poset such that a given m-code turns into an r-perfect poset block code for
r = R;(C) + 1 as illustrated in the following example.

Example 4.1. Consider F3® with 7-metric where 7 consists of 5 blocks each of dimension 5,

ie, (1) = 7(2) = m(3) = 7(4) = w(5) = 5. Consider the code C generated by the
generator matrix with five identical blocks given by:

G = [Gl, G27 G37 G47 G5]

where

G =

oo oo
S oo —O
OO OO
O, OO O

It is clear that C is a (25,5) m-code with d.(C) = 5. Then R.(C) = 2. Using (2.2), we
get

= 9766.

Since 22 > | B;(0,2)], therefore C is not a 2-perfect 7-code.
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Let P5 be a poset defined on [5] which turns C into a 3-perfect (Ps,7)-code. By
Corollary 4.1, we have

Py =TW(P) U@ (P) UT®) ().

Let i € T®)(Ps). Take j € [5]\ (i). Consider v € F3® such that i,j € supp, (v) with
v; # v;. Then d(p, -)(0,v) > 4. Since d(C) =5, d(p, .») (c,v) > 4 for any ¢ # 0, c € C.
Therefore, v ¢ B(p, x(c,3) for any ¢ € C, which is a contradiction. Hence, ré(pPs) = ¢.

Let i € Ty(Ps) and j € T'y(Ps) for any two distinct elements a,b in T'1)(Ps). Take
v € F3® such that i,j € supp,(v) with v; # v;. As shown earlier, v ¢ B(p, r)(c,3) for
any ¢ € C, which is a contradiction. Therefore, we have that Ps is equivalent to P¥ for
some 1 < ¢ < 4. It may be noted that ¢ # 5 else the metric reduces to block metric.
Using the sphere packing condition, we get

|B(p,.m(0,3)] =2%.
Using (2.3), we get
1+ 373" 81982176,(i) = 1048576.
i=1 j=1

It follows that

V 5-—4¢ !
1+ 31 1.32 12
3 (1)+3 3( 1 >+3 <2)+0
5—0\ /-1 5-—4 ¢
12.32 13 =104
+312.3 [( ) )( ) >+( 5 )]+3 (3> 048576

which reduces to
2979103 — 178746¢% 4 327701¢ — 5339130 = 0.

The above equation has no integral solution as confirmed through Mathematica Software.
Hence, there does not exist any poset which turns the given block code into a 3-perfect
(Ps,m)-code. O

Although Corollary 4.1 holds for a m-code, it is usually applied to check the perfectness
in poset space of a code whose Hamming distance is known. In what follows, we discuss
the existence of poset structures for binary Simplex code and extended ternary Golay
code to be perfect. We denote by S,,(2) the binary Simplex code of order m having
parameters (2™ — 1,m, 2™ 1) .

Theorem 4.1. There are no poset structures which admit the binary Simplex code S5(2)
to be a 2-perfect poset code.
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Proof. In general, for the binary Simplex code of order m, we have Ry(Sn(2)) =
2m=2 _ 1. Therefore, we take r = 2™~ 2, Let Pym_; be a poset that turns the binary
Simplex code S,,(2) into a 2™~ 2-perfect poset code. Using Corollary 4.1, we have

Pym_1 =T (Pym_1) UT® (Pym_4).

Let M (Pym_1)| = t. Then [I'®(Pyn_1)] = 2™ — 1 — t. Using the sphere packing
condition, we have

[Bpym_, (0,277%) = 22" 71 (4.3)
In order to prove this theorem, in particular for S3(2), (4.3) reduces to
|Bp,(0,2)] = 2.

Using (2.1), we get

2 %
1+ ) " 27770,(i) = 16.

i=1 j=1
It follows that
t 7T—1 t
1 2 =1
(1) ()4 (o) e
which reduces to
2 —3t—2=0.

The above equation has no integral roots. Hence, there does not exist a poset which
admits S5(2) to be a 2-perfect poset code. O

Now we investigate the poset structures that turn the extended ternary Golay code
G12 with parameters (12,6, 6)y into a 3-perfect poset code since Ry (Gi2) = 2.

Theorem 4.2. The extended ternary Golay code Gis is a 3-perfect Pio-code if and only if
Py5 is equivalent to PfQ for some £, 1 < ¢ < 3.

To prove the theorem, we require the following lemmas.

Lemma 4.1. If a poset Py turns the extended ternary Golay code Gi2 into a 3-perfect
Piy-code, then Pio = T (Py) UT?)(Ppy).

Proof. The proof follows from Corollary 4.1. O
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Lemma 4.2. If the extended ternary Golay code Gio is a 3-perfect Pio-code, then for any

two distinct elements a,b in T (Pry), we have either Ty(Pi2) = ¢ or Ty(P12) = .

Proof. Let, if possible, T'(P12) # ¢ and T'y(P12) # ¢ for any two distinct elements a, b
in T (Pyy). Take i € Ty(Pi2) and j € Ty(Py2). Take v € F3? such that i,j € suppy (v).
Then dp,,(0,v) = 4. Since dg(G12) = 6, dp,,(c,v) > 4 for any ¢ # 0, ¢ € G12. Therefore,
v & Bp,,(c,3) for any ¢ € Gyo, which is a contradiction. O

Proof of the Theorem. Let Gi5 be a 3-perfect Pjs-code. By Lemma 4.1 and 4.2, Pys is
equivalent to sz for some ¢, 1 < ¢ < 11. It may be noted that ¢ # 12 else the metric
reduces to Hamming metric. Using the sphere packing condition, we get

|Bpy, (0,3)] = 3°.

Using (2.1), we get

3 %
1+ ) 2937770, (i) = 729.

i=1 j=1

It follows that
14 127 o0
1+2<1>+2.3< 1 )+2 (2>+0
120\ /(¢ -1 12 -7 /
2 3 _
+2.3K 1 )( 1 )+< ; )%2(3)729

(6—1)(¢—2)(¢—3) =0,

which reduces to

Thus, we have that £ = 1,2, 3 are the only permissible values.

Conversely, let Pj5 be equivalent to PfQ for some ¢, 1 < ¢ < 3. Then it is clear that
the balls of radius 3 with respect to Pfy-metric cover F32. We show that the balls are
disjoint. Let, if possible,

Bsz (0,3)N Bsz (c;3)# ¢

for some non-zero ¢ € Gio. Take x € Bpe (0,3) N Bpy, (c,3). Then wpe (z) < 3 and
wpy, (c—x) < 3. Since wy(c) > 6 and wy (v) < wpe (z) < 3, we have wpe (c—x) < 3 only
if wy(c) =6, wy(x) =3 and suppy(z) C suppy(c) which implies that wgy(c — x) = 3.
Since wy(r) = 3 and wpe (¥) < 3, 1 € suppy(z). Since wy(c —z) = 3 and 1 ¢
suppy (¢ — x), we get suppg(c — ) N T3 (Pf,) # ¢. Therefore, wpe (¢ —x) > 4, which
is a contradiction. Thus the balls of radius 3 with respect to Pf,-metric are disjoint and
cover Fi2. Hence, G2 is a 3-perfect P{y-code. O
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5. Conclusion

The paper revolves around perfectness of codes in poset block space wherein either
new perfect codes have been constructed from a given perfect code or a poset has been
introduced to turn a code into perfect code. In the process, an analogous result on perfect
codes in poset space has been revised.
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